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Abstract

Adversarial imitation learning (AIL) achieves
high-quality imitation by mitigating compound-
ing errors in behavioral cloning (BC), but often
suffers from training instability due to adversarial
optimization. To circumvent this issue, a class of
non-adversarial Q-based imitation learning (IL)
methods, represented by 1Q-Learn, has emerged
and is widely believed to outperform BC by lever-
aging online environment interactions. However,
this paper revisits IQ-Learn and proves that it re-
duces to BC, exhibiting an imitation gap lower
bound with quadratic dependence on the horizon
and thus remaining susceptible to compounding
errors. Theoretical analysis reveals that, despite
using online interactions, IQ-Learn uniformly sup-
presses Q-values for all actions at states uncov-
ered by demonstrations, thereby failing to gener-
alize. To address this limitation, we introduce a
primal-dual framework for distribution matching,
yielding a new Q-based IL method, Dual Q-DM.
Central to its algorithmic design are Bellman con-
straints, which drive value flow from visited to
unvisited states through environment dynamics,
enabling generalization beyond demonstrations.
We prove that Dual Q-DM is equivalent to AIL
and can recover expert actions beyond demon-
strations, thereby mitigating compounding errors.
To the best of our knowledge, Dual Q-DM is the
first non-adversarial IL method that is theoreti-
cally guaranteed to eliminate compounding errors.
Experimental results further corroborate our theo-
retical findings.
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1. Introduction

Imitation learning (IL) trains policies from expert demon-
strations (Osa et al., 2018), serving as a fundamental
paradigm across diverse domains including large language
models (Ouyang et al., 2022) and generalist embodied
agents (Black et al., 2024).

Behavioral cloning (BC) and adversarial imitation learning
(AIL) are two conventional IL approaches. BC (Pomerleau,
1991) directly applies supervised learning to demonstrations
but cannot infer expert actions in unvisited states, leading to
compounding errors that scale quadratically with the horizon
(Ross & Bagnell, 2010). AIL (Abbeel & Ng, 2004; Syed &
Schapire, 2007; Ho & Ermon, 2016) takes a fundamentally
different approach by matching state-action distributions
through adversarial training. A key component is applying
reinforcement learning (RL) to maximize an adversarially
learned reward with online environment interactions. In
this way, AIL can generalize beyond the demonstrations
(Reddy et al., 2019; Ghasemipour et al., 2019) and achieve
an imitation gap that scales only linearly with the horizon
(Xu et al., 2020; Rajaraman et al., 2020), effectively mitigat-
ing compounding errors. However, AIL often suffers from
training instability due to adversarial optimization (Reddy
et al., 2019; Orsini et al., 2021).

To avoid this instability, a wide class of non-adversarial
Q-based IL methods (Kostrikov et al., 2020; Garg et al.,
2021; Al-Hafez et al., 2023; Karimi & Ebadzadeh, 2025;
Li et al., 2025) has emerged that directly optimizes a single
maximization objective over Q-functions. Existing litera-
ture reports that these methods, exemplified by 1Q-Learn
(Garg et al., 2021), achieve good empirical performance in
certain benchmarks, making them increasingly popular al-
ternatives to AIL. Because their objectives are derived from
those of AIL, the prevailing view (Kostrikov et al., 2020;
Garg et al., 2021; Li et al., 2025) holds that Q-based IL
inherits AIL’s ability to mitigate compounding errors. Some
works further attribute this capability to the use of online
interactions (Kostrikov et al., 2020; Garg et al., 2021; Al-
Hafez et al., 2023), widely considered the key mechanism by
which AIL resolves compounding errors. Yet despite their
growing popularity, the theoretical foundations of Q-based
IL remain largely underdeveloped. To our knowledge, only
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Table 1. Comparison of representative classes of IL methods. Here “RL-related Mechanism” refers to whether the method involves an
RL-related algorithmic component to solve sequential distribution matching. AIL directly employs a standard RL procedure, and Dual
Q-DM involves Bellman constraints, which can be viewed as an analogue of Bellman equations in standard RL.

Method Non-Adversarial Environment RL-related  Generalization Resolves
¢ Optimization Interactions Mechanism Beyond Demos Compounding Errors
BC v X X X X
IQ-Learn v v X X X
AIL X v v v v
Dual Q-DM (Ours) v v v v v
Moulin et al. (2025) have provided a sample complexity  errors.

analysis for a Q-based method. Consequently, the following
fundamental question remains open:

Which algorithmic mechanisms are necessary for
Q-based IL to provably generalize beyond demon-
strations and eliminate compounding errors?

1.1. Our Contribution

This paper investigates this question through systematic
theoretical analysis of Q-based IL.

We begin by revisiting [Q-Learn (Garg et al., 2021), a rep-
resentative Q-based approach claimed to outperform BC
by utilizing online environment interactions. Surprisingly,
through a reparameterization argument, we prove that 1Q-
Learn’s recovered policy is nearly equivalent to the BC
policy (Theorem 1). Furthermore, we establish that 1Q-
Learn must suffer an imitation gap lower bound of Q(H?)
with H being the horizon (Corollary 1), indicating it still
experiences compounding errors. Theoretical analysis re-
veals why online interactions fail to provide benefits: they
are merely used to estimate an expected log-partition term
that uniformly suppresses Q-values across the action space,
preventing generalization beyond demonstrations.

To address this fundamental limitation, we introduce a
primal-dual framework for distribution matching, yielding
a new Q-based IL method: Dual Q-DM (Dual Q-function
Distribution Matching). Specifically, starting from primal
distribution matching over occupancy measures, we lever-
age Lagrangian duality theory to derive dual distribution
matching over Q-functions. Compared with IQ-Learn, the
key mechanism in Dual Q-DM is the incorporation of Bell-
man constraints, an analogue of Bellman equations in stan-
dard RL, which drive value flow from successor states to
current states. Theoretically, we prove that Dual Q-DM’s
learned policy is equivalent to AIL’s policy (Theorem 2),
naturally inheriting AIL’s ability to mitigate compounding
errors. To the best of our knowledge, Dual Q-DM is the first
non-adversarial IL method provably free of compounding

Furthermore, for a broad class of IL instances, we prove that
Dual Q-DM can identify expert actions in uncovered states,
achieving generalization beyond demonstrations (Proposi-
tion 1). Crucially, theoretical analysis uncovers the key role
of value flow: Bellman constraints drive value flow from
visited to unvisited states through environment dynamics,
enabling Q-based IL to generalize beyond demonstrations
and mitigate compounding errors. Based on these theoreti-
cal findings, we present a systematic comparison of major
IL algorithms in Table 1, showing that RL-related mech-
anisms provide the key separation between methods that
resolve compounding errors and those that do not. Finally,
experimental results on the MuJoCo benchmark corroborate
our theoretical findings.

2. Preliminaries

Markov Decision Process. We consider episodic Markov
Decision Processes (MDPs) represented by the tuple M =
(S, A, P,r*, H,p), where S and A denote the state and ac-
tion spaces, respectively, H is the planning horizon, and p
is the initial state distribution. Here, P : S x A — A(S) is
the transition function where A(S) denotes the set of distri-
butions over S, and 7* : § x A — [0, 1] is the true reward
function. We assume without loss of generality that the state
space is layered such that S = S; US;U- - -US g, where Sy,
is the set of states reachable at step h, and Sy, N Sy, = () for
h # h'. Apolicy 7 : S — A(.A) maps states to action distri-
butions. We evaluate policy performance using the expected
cumulative reward: V7™ := E[Zf:l r*(Sn,an)|s1 ~
pyap ~ w(:|sp), Sht1 ~ Pr(-|sh,an),Yh € [H]], where
the expectation is taken over the trajectory distribution in-
duced by 7. Another important concept is the state-action
visitation distribution df (s,a) = P"(sp, = s,ap = a),
which quantifies the probability of visiting (s, a) at step h
by following 7.

Imitation Learning. The goal of IL is to acquire a high-
quality policy without access to the reward function r*.
To achieve this, we assume access to an expert dataset

E _ (i _ (o ni oi i i 0\ i E\N
DY = {7" = (s},al,sh,a, ..., s, aly); 0 ~ TN,
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which is collected by an expert policy 7. The learner uses
this dataset D to learn a policy that mimics the expert’s
behavior. We measure imitation quality using the imitation
gap (Abbeel & Ng, 2004; Ross & Bagnell, 2010; Rajara-
man et al., 2020), defined as |74 V7, where 7 is the
learned policy. Essentially, we hope that the learned policy
can perfectly mimic the expert such that the imitation gap is
small.

Behavioral Cloning. Behavioral cloning (BC) (Pomerleau,
1991) performs maximum likelihood estimation (MLE) to
mimic the expert.

= argmax Z Z log

€l 9 =

ah|8h (D

Here II is the set of all policies. BC is trained purely on
demonstrations and thus cannot infer the expert action at
states not covered by demonstrations. Due to this limitation,
BC suffers from compounding errors and has been proven
to have an imitation gap bound of O(H?) (Ross & Bag-
nell, 2010; Xu et al., 2020; Rajaraman et al., 2020), which
increases quadratically with the horizon.

Adversarial Imitation Learning. Adversarial imitation
learning (AIL) imitates expert behavior through an adversar-
ial process. This paper considers the maximum entropy AIL
approach (Ho & Ermon, 2016), which can be formulated as
the following minimax objective.

H
min <Igl€a7§ E  pe Lz_:l r(sh, ah)}

u @

e[S oo + st | ).
h=1

Here R = {r : § x A — [0, 1]} is the class of bounded
reward functions, H(m(-|s)) = Equn(.|s)[—log(m(als))]
denotes the entropy and « denotes the coefficient. Unless
explicitly stated otherwise, this paper uses o« = 1 by default.
As shown in (Ho & Ermon, 2016; Ghasemipour et al., 2019),
AIL essentially minimizes the state-action distribution dis-
crepancy with the expert.

H —_—
min Y~ (Dev(di” df) —H(d)) O
h=1

Here Drv(p,q) = (1/2) - Xopex Ip(2) — a(2)],Yp,q €

A(X) denotes the total variation distance, df" is the
empirical expert’s state-action distribution from D¥ and
H(F) = Eeayag [~ 10g(df (5.0)/ (T e d7 (5, )] is
the entropy of state-action distribution. Due to the global
state-action distribution matching principle, AIL addresses
the compounding errors issue in BC and achieves an imi-
tation gap bound of O(H) (Agarwal et al., 2019; Xu et al.,
2020) with only linear dependence on H.

3. Revisiting Inverse Soft Q-Learning

To investigate the central question raised in the Introduc-
tion, we revisit inverse soft Q-learning (IQ-Learn) (Garg
et al., 2021), a representative Q-based IL method claimed to
alleviate compounding errors. We first review its formula-
tion, then demonstrate that despite its Q-based appearance,
1Q-Learn essentially reduces to BC and consequently still
suffers from compounding errors.

3.1. An Introduction to Inverse Soft Q-Learning

To circumvent the adversarial optimization in AIL, Garg
et al. (2021) proposed IQ-Learn, which directly optimizes
a single maximization objective over Q-functions. Starting
from the AIL objective in Eq. (2), Garg et al. (2021) derived
the following single maximization objective':

H

glax ETNDE Z Q Sh; ah)

h=1

— Eq~p [(LSE Q) (1)) - )

Here, (LSEQ)(s) := log(>_,c4 exp(Q(s,a))) denotes
the log-partition function and @ = {Q : S x A — [0, C]}
denotes the class of bounded Q-functions. To align with the
AIL objective in Eq. (2), we focus on IQ-Learn instantiated
with the total variation distance, which corresponds to choos-
ing ¢(z) = x in Eq. (9) of Garg et al. (2021). Empirical
results in Figure 4 indicate that the specific choice of diver-
gence has minimal effect on performance. After obtaining
() by solving Eq. (4), IQ-Learn derives the corresponding
softmax policy 75 = softmax(Q).

(LSEQ)(sn+1)

T5(als) = softmax(Q(s, ) x exp(Q(s,a)). (5

From Eq. (4), IQ-Learn seeks a Q-function that assigns
high values to expert actions in D through the term
Q(sp, ap), while suppressing non-expert actions through
(LSEQ)(sn+1). As aresult, 75 places higher probability
mass on expert actions, thereby imitating expert behavior.
Garg et al. (2021) report that IQ-Learn achieves good em-
pirical performance in certain benchmarks.

Crucially, like AIL, IQ-Learn incorporates online environ-
ment interactions when optimizing Eq. (4). Specifically,
these interactions provide an accurate estimate of the fi-
nal term in Eq. (4) through two approaches: (i) by directly
using online initial states, or (ii) by exploiting online tra-
jectories via the identity that Vr, E,, o, [(LSEQ)(s1)] =

Err [0 (LSE Q)(s1) — (LSE Q)(sp11)]. In summary,

'IQ-Learn was originally formulated in the infinite-horizon
setting. Here we translate Eq. (9) of Garg et al. (2021) into our
finite-horizon formulation. The main results of this paper also
extend to the infinite-horizon setting; please refer to Appendix D
for details.



Submission and Formatting Instructions for ICML 2026

IQ-Learn is derived from AIL and similarly leverages online
interactions. This has led to the conventional wisdom that by
exploiting environment interactions, IQ-Learn transcends
pure BC and mitigates compounding errors. For instance,
Al-Hafez et al. (2023); Wulfmeier et al. (2024); Karimi &
Ebadzadeh (2025) characterize 1Q-Learn as a variant of
AIL with implicit reward. In the next subsection, we exam-
ine this prevailing belief through theoretical analysis and
demonstrate that IQ-Learn actually reduces to BC.

3.2. Inverse Soft Q-Learning Reduces to Behavioral
Cloning

In this subsection, we conduct a theoretical analysis of
IQ-Learn through a re-parameterization argument. Specif-
ically, rather than viewing Q(sp,an) — (LSEQ)(sh+1)
as a Bellman-error-related term as in (Garg et al., 2021),
we apply a telescoping transformation to Eq. (4) and re-
parameterize () in terms of 7 via Eq. (5).

H
E, pe Z Q(sn;an) — (LSEQ)(sh+1)
h=1

= Es,p [(LSEQ)(s1)]
= E(sl,al)NDE [Q(Sla al)] - EslNﬂ [LSE(Q)(Sl)]

H

+Erope | > (Q(sn,an) — LSE(Q)(sn))

h=2

log(mq (an|sn))

Strikingly, this reveals that the IQ-Learn objective coincides
with the BC objective for time steps h = 2, - - - , H. Further
analysis shows that at the initial time step, the IQ-Learn
policy assigns a uniform distribution over actions at unvis-
ited states—identical to BC. Formally, we characterize the
optimal solution to IQ-Learn as follows.

Theorem 1. Suppose that @ is the optimal solution to 1Q-
Learn in Eq. (4) and 5 is the derived policy in Eq. (5).
Assume the softmax policy class realizes the BC policy, i.e.,
7BC ¢ {mq : Q € Q}. Then the following holds:

e V2< h< H,Vsh S Sh, W@(|Sh) = WBC(‘|Sh).
e In the initial time step h = 1,
Vs1 ¢ DE,W@(~|51) = 7B%(-|s1) = Unif (A),

where Unif (A) denotes a uniform distribution over A.

The detailed proof is presented in Appendix B.1.

Remark 1. Theorem I indicates that 1Q-Learn is almost
equivalent to BC. At all time steps except the initial one, the
1Q-Learn policy is identical to the BC policy. At the ini-
tial time step, both policies follow a uniform distribution at
states uncovered by D¥. Collectively, these results demon-
strate that neither 1Q-Learn nor BC can recover expert

behavior at states outside the demonstrations. This result
challenges the prevailing belief that IQ-Learn resolves com-
pounding errors of BC.

Remark 2. We now explain why IQ-Learn does
not, in fact, benefit from online environment in-
teractions to go beyond BC. Recall that in IQ-
Learn, online interactions are used to obtain an ac-
curate estimate of the term E, ,[(LSEQ)(s1)] =
Eg,~pllog(D e exp(Q(s1,a)))]. This term is monotoni-
cally increasing w.r.t Q(s, a) for all actions, meaning it uni-
formly suppresses Q-values across the entire action space.
As a result, it provides no discriminative signal for identi-
fying expert actions from non-expert ones and thus cannot
facilitate generalization beyond BC.

Remark 3. The re-parameterization argument for prov-
ing Theorem 1 extends beyond I1Q-Learn. As shown in Ap-
pendix B.2, it can similarly reveal the connection between
another Q-based IL approach ValueDICE (Kostrikov et al.,
2020) and BC.

Building on Theorem 1, we further demonstrate that 1Q-
Learn still suffers from the compounding errors issue.

Corollary 1. Suppose that @ is the optimal solution to IQ-
Learn in Eq. (4) and 5 is the derived policy in Eq. (5).
There exists an IL instance (M, ) such that

V™ _E [Vﬂ >0 <min{H, ]]{VQ}) .

Here the expectation is taken over the randomness of DF.

The detailed proof is presented in Appendix B.3.

Remark 4. Corollary 1 establishes that IQ-Learn incurs an
imitation gap scaling quadratically with the horizon in the
worst case, confirming the presence of compounding errors.

Remark 5. The proofidea is outlined as follows. Following
(Rajaraman et al., 2020), we consider a hard IL instance
where the agent receives no further rewards after taking
a non-expert action. Theorem 1 establishes that IQ-Learn
cannot recover the expert action at states not covered by
demonstrations. By carefully characterizing the probability
of visiting such uncovered states, we prove that the IQ-Learn
policy must suffer a QU(H?) imitation gap.

We conclude this section by discussing why IQ-Learn, de-
spite being derived from the AIL objective, produces an opti-
mization objective that is almost equivalent to BC. Through
a careful step-by-step analysis of the IQ-Learn derivation,
we trace this discrepancy to the change-of-variables step,
where overlooking certain constraints leads to an inequiva-
lent formulation. Please refer to Appendix B.4 for a detailed
discussion of this derivation gap.
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4. Truly Q-based Distribution Matching via
Value Flow

The previous section demonstrates that [Q-Learn reduces
to BC and thus fails to eliminate compounding errors. To
address this fundamental limitation, we develop a genuinely
Q-based distribution matching approach and demonstrate
that it provably eliminates compounding errors and general-
izes beyond demonstrations.

4.1. Primal-Dual Framework for Distribution Matching

AIL relies on the state-action distribution matching principle
to provably eliminate compounding errors (Xu et al., 2020;
Agarwal et al., 2019). Our goal is therefore to faithfully
inherit AIL’s theoretical guarantees by rigorously imple-
menting this principle without deviation. To this end, we
introduce a primal-dual framework that formalizes distribu-
tion matching as constrained optimization, which allows us
to establish theoretical equivalence with AIL. Within this
framework, we present three main formulations and defer
the detailed derivation to Appendix C.1.

Primal Distribution Matching (Primal DM). We begin
by transforming the distribution matching objective from
policy space (i.e., Eq. (3)) into occupancy measure space.

mlnz (DTV dr” ., dp) — H(dh)) )

s.t. Zdl s1,a) = p(s1), Vs, € S, (6)
acA
Z dp(sh, a)Py(s'|sn, a) Zthrl s’ a)
(sh,a)eSLxA acA

Vi<h<H-1,Vs €81,
dp(sp,a) > 0,Y(h,sp,a) € [H] x Sp, x A.

Primal DM performs state-action distribution matching di-
rectly over occupancy measures under the constraints that d
is a feasible state-action distribution (Puterman, 2014).

Dual V-Function Distribution Matching (Dual V-DM).
Notice that Eq. (6) is a convex program with a strictly con-
vex objective (Ho & Ermon, 2016) and linear polytope con-
straints. Thus, we can apply Lagrangian duality (Boyd et al.,
2004) and obtain the following dual V-function distribution
matching.

H
r?aXETNDE [Z Sh,ah sl~p [V(Sl)]v )

s.t.V(sp) = LSE(r + PV)(sn),Y(h,sp) € [H] X S,
0 < r(sp,a) <1,Y(h,sp,a) € [H] x Sp x A.

Here (r + PV)(s,a) = r(s,a) + Eyop(|s,a) [V ()] de-
notes the Bellman backup. The dual problem optimizes

over a reward-value pair (r, V') and aims to maximize the
gap between the expert’s value and the learner’s value, in
alignment with AIL in Eq. (2). The constraints serve com-
plementary roles: the first requires V' to satisfy the soft
Bellman optimality equation with respect to r, ensuring V'
is the corresponding soft optimal value function; the sec-
ond enforces boundedness of r, which arises from the dual
representation of total variation distance.

Dual Q-Function Distribution Matching (Dual Q-DM).
Recall that our goal is to develop a Q-based distribution
matching approach. To this end, we introduce a Q-function
Q(s,a) == r(s,a) + Eyp(s,q0)[V(s")] and perform the
change-of-variables on Eq. (7), yielding the following dual
Q-function distribution matching.

H
max E. ps ZQ (shyan) = Egrp(fsn,an) [LSE(Q)(SI)] ,
h=1
— Eq,~p[ LSE(Q)(s1)] (8)
s.t. 0 S Q(S}” a) - ES/NP(A‘S}HG) [LSE(Q)(S/)] S 1,
V(h,sp,a) € [H] x Sp x A. 9)

We compare this formulation with IQ-Learn in Eq. (4).
While Dual Q-DM shares a similar objective to IQ-
Learn, the key distinguishing feature is the incorporation
of Bellman constraints in Eq. (9). These constraints
act as an inequality analogue of the Bellman equa-
tions and drive value flow from successor states to
current states. Specifically, the Q-value at the current
state-action pair is constrained to the range deter-
mined by Q-values from future states (i.e., Q(sp,a) €
[ES/NPHS;“a)[LSE(Q)(S/)]’ES’NPHS;L,G)[LSE(Q)(S/)] +
1)), thereby enforcing temporal consistency.

Crucially, Bellman constraints provide the mechanism for
achieving multi-step state-action distribution matching—the
same role that the direct RL procedure plays in AIL. On one
hand, AIL explicitly learns a reward function and thus can
apply a direct RL procedure (e.g., Bellman equations) to
implement multi-step distribution matching. On the other
hand, Dual Q-DM bypasses explicit reward learning and
instead establishes value flow through Bellman constraints.
As we demonstrate later, the resulting value flow is essential
for generalization beyond demonstrations.

Table 2. Comparison between AIL and Dual Q-DM.

Method Imitation  Explicit RL-related
etho Principle Reward Mechanism
Distribution Direct RL (e.g.,
AlL Matching v Bellman equations)
Distribution .
Dual Q-DM Matching X Bellman constraints

Interestingly, Bellman constraints can also be recovered
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by fixing the flaw in IQ-Learn’s derivation: the constraints
omitted in its change-of-variables step are precisely the
Bellman constraints introduced here; see Appendix B.4 for a
detailed analysis. Rather than following this derivation path,
however, we adopt the primal-dual framework to rigorously
establish the following theoretical equivalence.

Theorem 2. Suppose that é is the optimal solution to Dual

Q-DM in Eq. (8) and w5 = softmax(Q) is the derived
policy. Then s is the optimal solution to AIL in Eq. (3).

H —_—
T5 € argenéinz (DTV(dZE,dZ) — H(dﬁ)) :
i h=1

The detailed proof is presented in Appendix C.2.

Remark 6. Theorem 2 shows that the policy obtained via
Dual Q-DM is the optimal solution to AIL, thereby inher-
iting AIL’s key advantage of mitigating compounding er-
rors. The proof proceeds by establishing equivalence among
three formulations—Primal DM, Dual V-DM, and Dual Q-
DM—which together constitute a comprehensive primal-
dual framework for distribution matching. We refer the
reader to Appendix C.2 for details.

4.2. Value Flow: How Bellman Constraints Enable
Generalization

In this subsection, we demonstrate that Bellman constraints,
the key difference between Dual Q-DM and IQ-Learn, drive
value flow from visited to unvisited states—and this value
flow is the central mechanism underlying generalization be-
yond demonstrations. We begin by defining a class of MDPs
called transition-discriminative MDPs (TD MDPs), which
we use to characterize when value flow enables effective
generalization.

Definition 1 (TD MDPs). Consider a deterministic expert
policy ™. We define the set of expert-reachable states as
SE+1 = {sps1 :dsp € S}L,P(S}L+1|Sh,ﬂ'E(Sh>) >0} A
transition-discriminative MDP satisfies the following two
properties:

s Vhe[H—1],sh € Sh, 8511 €Sy,
P(S‘E+1|sh,7TE(sh)) > P(s‘g+1|sh,a),Va + 7TE(Sh).

s VhelH—-1],s5,, €S ,a€A

P(SE+1|SE,G) > P(SE+1|sh,a),VsE IS SE,sh ¢ SE.

These properties establish transition discriminability by en-
suring that both expert actions and expert-type states lead
to expert-type successor states with higher probability. This
condition is natural, as it simply formalizes the intuition that

expert behavior exhibits internal consistency in its transi-
tion patterns. In the class of TD MDPs, we investigate the
generalization performance of Dual Q-DM and IQ-Learn by
characterizing the learned Q-values at states uncovered by
demonstrations.

Proposition 1. Suppose that @ and @ are Q-functions
learned by Dual Q-DM via Eq. (8) and IQ-Learn via Eq. (4),
respectively. For deterministic expert policies and TD
MDPs, when N > 1, for any timestep h € [H — 1] and any
states uncovered by demonstrations s;, ¢ DE we have

Q(sp, m(s5)) > @(sh, a),Ya # 7 (sp),

Qsn, 7% (s1)) = Q(sn, a),Va # 7 (sy).

The proof of Proposition 1 is presented in Appendix C.3.

Remark 7. Proposition I reveals a fundamental difference
in generalization capability stemming from the presence or
absence of Bellman constraints. Dual Q-DM, equipped with
Bellman constraints, successfully identifies expert actions
at states unvisited by demonstrations for the first H — 1
timesteps. In contrast, 1Q-Learn, lacking Bellman con-
straints, assigns uniform Q-values across all actions at
unseen states and thus cannot distinguish expert behavior
beyond demonstrations.

The Value Flow Mechanism. We now analyze how the
value flow driven by Bellman constraints enables general-
ization beyond demonstrations. Specifically, we adopts a
dynamic-programming-based argument proceeding in three
steps. An illustrative example appears in Appendix C.4.

We first present a technical lemma useful for the proof.
Lemma 1 shows that the Q-function learned by Dual Q-
DM saturates Bellman constraints in a structured manner:
it achieves the upper bound on certain visited state—action
pairs and the lower bound on all unvisited ones.

3(5570’}?) € DE,’I‘Q(S%,CLE) =1

(10)
V(Sh, ah) ¢ DE, T@(Sh, ah) =0.

rg(snan) = Qlsn.an) = Eynp(is,.an LSE(Q)()]
can be regarded as the reward function induced by Q.

Step I: Initial Property. We characterize the Q-function
at the terminal step. Since Q-values at the termi-
nal step H equal single-step rewards, Eq. (10) implies
that they are high on visited pairs and low on unvis-
ited ones. Formally, 3(s¥, a¥) € DY V(sy,any) ¢
DE,@(s%,a]}j{) > @(sH,aH). By defining the value
function V(s) := LSE(Q)(s), we derive that 3st €
DF Vsy ¢ DP,V(sE) > V(sy), meaning the values
on visited states are higher than those on unvisited states.
As visualized in Figure 1(c), demonstration states acquire
substantially higher V-values than unvisited states. These



Submission and Formatting Instructions for ICML 2026

. V-function V (s)

A Q-function Q(s,a)

Greedy action argmax Q(s, a)

[ e Al Quvalues are equal
Low V(s) High Low Q(s,a) High a
Expert demo.
D Wall state
= ?Da\s(ale
(a) Gridworld task (b) 1Q-Learn’s Q-function (c) Dual Q-DM'’s Q-function

Figure 1. lustration of the learned Q-functions on a Gridworld task. (a): The Gridworld environment with wall states (gray), goal state
(cyan), and one demonstration trajectory (yellow). (b): IQ-Learn’s Q-function: visited states acquire high V-values (dark blue), but
unvisited states exhibit equal Q-values across all actions (red equal signs), confirming that IQ-Learn cannot identify expert actions beyond
demonstrations (Theorem 1). (¢): Dual Q-DM’s Q-function: Bellman constraints enable value flow from visited states to unvisited states,
yielding a structured Q-function whose greedy action (yellow-outlined triangle) at every state correctly points toward the expert trajectory,

demonstrating generalization beyond demonstrations (Proposition 1).

high V-values serve as the source from which value flows to
unvisited states in the subsequent steps.

Step II: Base Case. We then characterize the Q-function at
step H — 1, establishing the base case for induction. Specif-
ically, @ satisfies the soft Bellman optimality equation:

Q(SH—176LH—1) = T@(SH—la GH—1)
+Es’~P(-\SH71,aH71) [‘7(5’)} 5

decomposing the Q-value into a current reward and a fu-
ture value. This decomposition exposes the value flow
mechanism: the high V-values of visited successor states
flow into the current Q-value via the term E,/ [V (s)], even
when the current state itself is unvisited by demonstra-
tions. Consider an unvisited but expert-type state-action
pair (sg—_1,7%(sg—1)). Although its current reward is
zero by Eq. (10), the expert action yields a high expected
future value because, in TD MDPs, expert actions pref-
erentially transition to expert-type states. Consequently,
C)(S]ﬁ[,l7 7TE(SH71)) > C)(S}L[,l7 (l),VCL 75 7TE(SH71). As
shown in Figure 1(c), the greedy actions at unvisited states
correctly point toward the expert trajectory, in stark con-
trast to Figure 1(b), where 1Q-Learn assigns equal Q-values
to all actions at such states. In summary, even when an
expert action has not been directly observed, its Q-value
learned by Dual Q-DM inherits high values from its succes-
sor states, enabling generalization to unvisited state—action
pairs. Through a similar analysis, we further establish that
Vst e 8B sy ¢ SEV(sE ) > V(spg_1), mean-
ing that the V-values at expert states are higher than those at
non-expert states.

Step I11: Backwgrd Induction. In the ir~1ductive step, we
assume that (1) Q(sps1, 75 (spe1)) > Q(sh+1,0), Va #
7 (sp41) and (2) Vs, € ST spy1 & SEV(s),) >

V(8h41). Through an analysis similar to the base case, both
conclusions carry over to step h. By induction over time
steps h = H —1,..., 1, we establish that Dual Q-DM cor-
rectly identifies expert actions at unvisited states throughout
the horizon. Notably, even a single demonstration trajectory
induces a potentially large predecessor tree under Bellman
constraints, where each node represents a state from which
the demonstrated trajectory is reachable. Through this re-
cursive value flow—from visited states backward through
the predecessor tree—Dual Q-DM recovers expert behavior
far beyond the support of the demonstrations. Figure 1(c)
illustrates this backward induction: the greedy action cor-
rectly points toward the expert trajectory throughout the
entire grid, including states far from the demonstration.

The above dynamic programming analysis thus establishes
a new mechanistic picture of Q-based IL that was previously
unknown: value flow, not online interactions, is the essential
ingredient for generalization beyond demonstrations.

Bellman constraints drive value flow from visited
to unvisited states through environment dynamics,
and this value flow is essential for Q-based IL to
generalize beyond demonstrations and mitigate com-
pounding errors.

Practical Implementation. We conclude this section with
a deep implementation of Dual Q-DM that incorporates
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Bellman constraints via penalization.

max E; pe [Z Q(sh,an) — LSE(Q)(5h+1):|

h=1
- Es1~p [LSE(Q) (51)]
H
— ﬁETNDounne |:Z (RQLU(O — Q(Sh, CL}L) + LSE(Q) (Sh+1)))2
h=1

+ (ReLU(Q(sh7 an) — LSE(Q) (sh+1) — 1))2]7

where ReLU(z) = max{0, z}, D°"i"® is the online replay
buffer and 5 > 0 controls the strength of Bellman con-
straints. This penalty term imposes a quadratic penalty
whenever the learned Q-function violates Bellman con-
straints, encouraging the solution to remain feasible. More
importantly, it is evaluated over the entire online dataset,
ensuring that Bellman constraints hold across a broad state-
action space beyond the demonstrations, which is essential
for generalization as suggested by our theoretical analysis.
Algorithm 1 in Appendix C.5 outlines the full procedure.

Several recent Q-based IL methods (Al-Hafez et al., 2023;
Karimi & Ebadzadeh, 2025) incorporate regularization
terms with similar forms, interpreting them as “implicit
reward regularizers” for training stability. In contrast, our
work uncovers a fundamental RL mechanism: Bellman
constraints drive value flow through environment dynam-
ics from visited to unvisited states, enabling generalization
beyond demonstrations. A detailed comparison between
different Q-based IL methods is provided in Appendix C.6.

5. Related Work

We briefly review relevant studies here, with a comprehen-
sive discussion deferred to Appendix A.

Conventional Imitation Learning. The theoretical foun-
dations of conventional IL methods have been extensively
studied (Ross & Bagnell, 2010; Sun et al., 2019; Rajara-
man et al., 2020; Xu et al., 2023; 2026a; Viano et al., 2024;
Foster et al., 2024). Beyond the results discussed in the
introduction, we highlight additional insights here. Rajara-
man et al. (2020); Xu et al. (2021) established a fundamental
Q(H?) lower bound for any offline IL algorithm, including
BC, demonstrating that online interaction is necessary for
breaking this barrier. For AIL, Xu et al. (2026a) proved
that the coupling structure in state-action distributions is
critical for generalization, enabling horizon-free imitation
gap bounds in the small-sample regime. Our work reveals
a parallel mechanism in Q-based IL: Bellman constraints
drive value flow across Q-functions, which serves as the
key mechanism for eliminating compounding errors and
generalizing beyond demonstrations.

Q-based Imitation Learning. Q-based IL methods have
been explored empirically in numerous works (Kostrikov

et al., 2020; Garg et al., 2021; Al-Hafez et al., 2023; Karimi
& Ebadzadeh, 2025; Wulfmeier et al., 2024; Li et al., 2025),
yet their theoretical foundations remain poorly understood.
To the best of our knowledge, only Moulin et al. (2025)
have provided a theoretical analysis, introducing an offline
Q-based method with a minimax formulation and establish-
ing sample complexity guarantees under Q-function realiz-
ability. Our work differs from this in two fundamental ways:
we prove that IQ-Learn effectively reduces to BC, and in-
troduce Dual Q-DM, a novel online method that explicitly
incorporates Bellman constraints with provable guarantees
for eliminating compounding errors.

Primal-Dual Perspective in Imitation Learning. Our
work relates to primal-dual approaches in IL (Viano et al.,
2022; Kim et al., 2022; Ma et al., 2022; Sikchi et al., 2024).
The most closely related is Sikchi et al. (2024), which de-
rives a Q-based algorithm from primal distribution match-
ing that can leverage supplementary data. Like IQ-Learn,
their approach does not incorporate Bellman constraints. In
contrast, our work develops a primal-dual framework for
distribution matching where Bellman constraints play a cen-
tral role. We rigorously establish the equivalence between
this framework and AIL, thereby unifying Q-based and AIL
methods under a single theoretical lens.

6. Experimental Validation

This section validates our theoretical findings through exper-
iments. A brief overview of the experimental setup follows,
with details in Appendix F. The implementation is available
at https://github.com/LAMDA-RL/Dual-Q-DM.

6.1. Experimental Set-up

Environment. We evaluate our method on two types of
environments. First, we use the hard tabular instance from
Corollary 1, which allows us to precisely characterize com-
pounding errors. Second, we evaluate on all 5 tasks from
the MuJoCo benchmark (Todorov et al., 2012), a widely
adopted continuous control benchmark in IL. Each algo-
rithm is evaluated over three independent runs with different
random seeds. Policy performance is measured using Monte
Carlo estimation over 10 rollout trajectories per evaluation.

Baselines. We consider three categories of baselines. The
first is BC (Pomerleau, 1991). For AIL, we consider DAC
(Kostrikov et al., 2019) and the SOTA method HyPE (Ren
et al., 2024). For Q-based IL, we include ValueDICE
(Kostrikov et al., 2020), IQ-Learn (Garg et al., 2021), LS-IQ
(Al-Hafez et al., 2023), and ReCOIL (Sikchi et al., 2024).

6.2. Experimental Results

Results on the Hard Instance. We evaluate different meth-
ods on the hard instance from Corollary 1 and report their
imitation gaps across varying horizons. As shown in Fig-
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Figure 2. Learning curves regarding online environment interactions on 5 MuJoCo tasks.
Ant HalfCheetah Hopper Humanoid Walker
4000
5000 T T T e — e 5000 5000 —— —

4000

3000

/,/

2000

4000

3000

\“&‘

Return

2000

1000

1 3 5 7 1 3 5 7 1
# Expert Trajectories # Expert Trajectories

—e— Dual Q-DM —— BC DAC HyPE —e— ValueDICE

1000
i<‘ 1000
0

3 5
# Expert Trajectories

Return

2000

0 &
7 1 3 5 7

# Expert Trajectories # Expert Trajectories

IQ-Learn Reg IQ-Learn —— LSQ —— ReCOIL ——— Expert

Figure 3. Final performance regarding different number of expert trajectories on 5 MuJoCo tasks.

ure 4, BC, IQ-Learn (with TV and x? divergences), and
ValueDICE all exhibit imitation gaps growing linearly with
H?, confirming the compounding error predicted by Corol-
lary 1. In contrast, Dual Q-DM and AIL maintain consis-
tently small imitation gaps as the horizon increases, confirm-
ing Theorem 2, which establishes that Dual Q-DM inherits
AlL’s ability to eliminate compounding errors.
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Figure 4. Imitation gaps across different horizons.

Results on MuJoCo Tasks. For MuJoCo tasks, we evaluate
two variants of IQ-Learn: the standard IQ-Learn as origi-
nally proposed, and Reg IQ-Learn, which corresponds to
the official implementation incorporating additional regular-
ization?. LS-IQ and ReCOIL follow Reg IQ-Learn in also
incorporating regularization. From Figure 2, we draw four
conclusions. First, IQ-Learn and ValueDICE exhibit poor
performance comparable to BC, confirming our theoretical
prediction in Theorem 1. Second, Reg IQ-Learn, LS-1Q, and
ReCOIL achieve substantial improvements over IQ-Learn

*The official IQ-Learn implementation on MuJoCo tasks in-
cludes a regularization term in the objective function that is absent
from the paper. See Appendix C.6 for details.

through regularization. Notably, this regularization shares
similarities with our Bellman constraints, and thus our anal-
ysis provides a theoretical explanation for its effectiveness
from a fundamental value flow perspective. Third, Dual Q-
DM demonstrates superior performance compared to other
Q-based methods, validating Theorem 2 and Proposition 1:
due to the value flow driven by Bellman constraints, Dual
Q-DM effectively generalize beyond demonstrations and
mitigate compounding errors. Finally, relative to AIL meth-
ods, Dual Q-DM exhibits faster convergence and improved
training stability due to its non-adversarial training.

Figure 3 further presents the final performance of all meth-
ods across varying numbers of expert trajectories. Dual
Q-DM consistently achieves higher final performance than
competing Q-based methods across all trajectory counts,
demonstrating superior demonstration sample efficiency.

7. Conclusion

This paper provides a comprehensive theoretical analysis
of Q-based IL. We prove that IQ-Learn, a representative Q-
based method, reduces to BC and inherits its compounding
errors. To address this fundamental limitation, we propose
Dual Q-DM, which introduces Bellman constraints as its
core algorithmic innovation. We establish theoretical equiv-
alence between Dual Q-DM and AIL, making it the first
non-adversarial IL method provably free from compounding
errors. Our analysis reveals the central insight: Bellman
constraints drive value flow from visited to unvisited states
through environment dynamics—and it is this value flow,
not merely online interactions, that enables generalization
beyond demonstrations, offering principled guidance for
designing effective Q-based IL algorithms.
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A. Additional Related Work

Behavior Cloning. BC directly performs maximum likelihood estimation (MLE) on the expert dataset, enabling accurate
reproduction of expert actions within the support of demonstrations. However, its offline learning nature prevents BC from
recovering expert actions on states unvisited in demonstrations, leading to the compounding error problem (Ross & Bagnell,
2010). Ross & Bagnell (2010) first established that BC achieves an imitation gap bound with quadratic dependence on
the horizon H at the population level. Rajaraman et al. (2020) and Xu et al. (2020) subsequently extended this analysis to
the finite sample regime. Critically, Rajaraman et al. (2020) proved a fundamental Q(H?) lower bound for any offline IL
algorithm, including BC, demonstrating that online interaction is essential for breaking the quadratic barrier. Li et al. (2023)
further analyzed an importance-sampling weighted BC (ISW-BC) approach for IL from imperfect demonstrations and
proved that ISW-BC can effectively leverage imperfect demonstrations to reduce imitation gap. Recently, Foster et al. (2024)
developed a sharp analysis of BC with general function approximation under stationarity assumptions, while Simchowitz
et al. (2025) investigated BC in continuous control settings and proved that BC can suffer an exponentially growing imitation
gap with respect to the horizon in certain constructed hard instances.

Adversarial Imitation Learning. Unlike BC, AIL operates on the principle of state-action distribution matching. Building
on this foundation, numerous practical AIL algorithms have been developed and applied across diverse domains (Ho &
Ermon, 2016; Fu et al., 2018; Ke et al., 2019; Kostrikov et al., 2019; Dadashi et al., 2021; Viano et al., 2022; Swamy et al.,
2023; Watson et al., 2023; Ren et al., 2024; Viel et al., 2025). Empirical studies (Ho & Ermon, 2016; Kostrikov et al., 2019;
Ghasemipour et al., 2019) have revealed a key advantage: AIL can mitigate the compounding error problem that plagues
BC. This observation has motivated extensive theoretical investigation (Zhang et al., 2020; Wang et al., 2020; Rajaraman
et al., 2020; 2021; Xu et al., 2020; Liu et al., 2021; Viano et al., 2024; Xu et al., 2024; Zhang et al., 2025; Xu et al., 2026a;b)
into AIL’s underlying mechanisms. Notably, Agarwal et al. (2019); Xu et al. (2020) proved that AIL achieves an imitation
gap bound of O(H ) with only linear dependence on the horizon H, thereby provably eliminating BC’s compounding error
problem. Rajaraman et al. (2020) advanced this line of work by introducing improved state-action distribution estimation for
AL, yielding better sample complexity bounds. Xu et al. (2026a) further established a sharp horizon-free bound for AIL.
This bound is meaningful in the low data regime and thus can explain the good empirical performance of AIL with limited
demonstrations (Ghasemipour et al., 2019). More recently, Liu et al. (2021); Viano et al. (2024); Xu et al. (2026b) extended
AIL theory to the function approximation setting. In this work, we focus on the theoretical analysis of Q-based IL and reveal
that Bellman constraints play a role analogous to the direct RL optimization in AIL, serving as the crucial mechanism for
eliminating compounding errors.

Q-learning-based Imitation Learning. To circumvent adversarial optimization in AIL, a family of non-adversarial Q-based
IL methods (Kostrikov et al., 2020; Garg et al., 2021; Al-Hafez et al., 2023; Karimi & Ebadzadeh, 2025; Li et al., 2025) has
emerged that directly optimize a single maximization objective over Q-functions. ValueDICE, the pioneering Q-based IL
method, derived a Q-function objective from KL-divergence-based distribution matching through a change-of-variables
transformation of the reward function. Building on this foundation, IQ-Learn (Garg et al., 2021) exploited the closed-form
solution to entropy-regularized RL to convert AIL’s minimax objective into a single maximization problem. Importantly,
while IQ-Learn’s official MuJoCo implementation includes a regularization term that substantially improves performance,
this term was not presented in the original paper. LS-1Q (Al-Hafez et al., 2023) subsequently interpreted this regularization
as y2-divergence minimization over mixture distributions and introduced additional techniques to enhance training stability.
RIZE (Karimi & Ebadzadeh, 2025) further extended LS-1Q through adaptive regularization. In contrast to these empirical
advances, this paper provides a systematic theoretical analysis of Q-based IL. We identify conceptual connections between
existing regularization techniques and our proposed Bellman constraints, offering a fundamental RL-based explanation
for their effectiveness: propagating Q-value information through environment dynamics from visited to unvisited states is
essential for Q-based IL to generalize beyond demonstrations and mitigate compounding errors.

Despite substantial empirical progress, theoretical understanding of Q-based IL remains limited. To our knowledge, only
Moulin et al. (2025) has provided theoretical analysis, introducing an offline Q-based method with minimax formulation
and proving finite sample complexity under Q-function realizability. Our work differs fundamentally by theoretically
investigating which algorithmic mechanisms are necessary for eliminating compounding errors. We prove that IQ-Learn
essentially reduces to BC and propose a novel online Dual Q-DM method that provably avoids compounding errors.
Our theoretical analysis reveals that Bellman constraints enable generalization beyond demonstrations by propagating
Q-value information through environment dynamics from visited to unvisited states—a mechanism essential for mitigating
compounding errors in Q-based IL.
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Primal-Dual Perspective in Imitation Learning. Several works have explored primal-dual formulations for distribution
matching in IL (Viano et al., 2022; Kim et al., 2022; Ma et al., 2022; Sikchi et al., 2024). Viano et al. (2022) derives a
minimax objective over Q-functions and reward functions from the primal distribution matching problem and establishes
imitation gap bounds for their algorithm. Kim et al. (2022); Ma et al. (2022) focus on IL with supplementary datasets.
Similarly, starting from the primal distribution matching formulation, they employ Lagrangian duality theory to derive
a minimax objective over distribution ratios and value functions. In contrast, we focus on the pure IL setting without
supplementary data and introduce a primal-dual framework that yields a single maximization problem over Q-functions
rather than a minimax formulation.

The most closely related is Sikchi et al. (2024), which derives a Q-based algorithm from primal distribution matching that
can leverage supplementary data. Like IQ-Learn, their approach does not incorporate Bellman constraints into the objective.
In contrast, our work develops a primal-dual framework for distribution matching where Bellman constraints play a central
role. We rigorously establish the equivalence between this framework and AIL, thereby unifying Q-based and AIL methods
under a single theoretical lens.

B. Omitted Results in Section 3
B.1. Proof of Theorem 1
We prove Theorem 1 by considering the following two cases.

Case I: 2 < h < H. We first consider the time step 2 < h < H. Since the state space is layered, we can analyze the
IQ-Learn objective at each time step. For any h € [2, H], we have that

exp(Q(sh, an)) )]
—E — 1o Coan
(Sh’ah)ngE |: & (ZaEA eXp(Q(sh, a’))
For any Q-function @, the corresponding softmax policy 7 is defined as 7 (a|s) = exp(Q(s,a))/ >, c4 exp(Q(s,a’)).
Furthermore, for the Q-function class Q := {Q : S x A — [0, C]}, we define the derived policy class IIg = {mg : Q € Q}.

Then the IQ-Learn objective over the Q-function class in Eq. (12) is equivalent to the following maximum likelihood
estimation objective over the policy class.

E — | Q(sn,an) — log(z exp(Q(sh,a)))

B
(snsan)~df e

. exp(Q(sn, an))
Iéﬂea}Q{E(Sh,ah)Nd;;E |: 08 (ZaGA eXp(Q(sh, a)) >:| (12
< max E — [log (w(splan))] - (13)

w€llg  (sn,an)~dp

In particular, suppose that @ is the optimal solution to Eq. (12), then the corresponding softmax policy 7 is the optimal
solution to Eq. (13). Notice that Eq. (13) is exactly the BC objective in time step h. Furthermore, due to the realizability
of Ilp, i.e., xBC ¢ Mo, BC is also the optimal solution to Eq. (13). Then we can obtain that V2 < h < H,Vs, €
Snymg(-lsn) = 7B€(-|s1,), which proves the first claim in Theorem 1.

CaseIl: h = 1. Then we consider the initial time step h = 1. For BC, we can write down the closed-form solution based
on the first order optimality condition.

n(sp)

T

1 .
— otherwise
[A]

BY( (14)

mlonn) if p(sy) > 0
an|sn) = { (s1)

Here n(sp, an) (n(sy)) refers to the number of times that the state-action pair (s, ar,) (state s5,) has appeared in D¥ in
time step h. From Eq. (14), we can conclude that for an unvisited state s; ¢ DT, 78%(als;) = 1/|A|,Va € A.

For 1Q-Learn, we have that

0 = argmaxE, — [Qs1,a1)] — Barey [108(3 exp(Q(s1, )
QeQ (s1,a0)~d acA
=argmax Y df"(s1,0)Q(s1,0) — Y p(s1)log(D_ exp(Q(s1,)))
QeeQ (s1,a)€S1 xA 51€S81 acA

14
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We analyze @ on each unvisited state s; ¢ D¥. In particular, we consider the following two cases.

 Case II (a): For state s; such that dTE (s1) =0, p(s1) > 0, the optimization problem can be formulated as

argmin p(s1)log( D exp(Q(s1,a))).

QeQ acA

This is a monotonically increasing function w.r.t Q(s1, a) for each action a € A. Thus, it is direct to write down the
optimal solution Va € A, Q(s1,a) = 0. The corresponding softmax policy can be formulated as Va € A, w5 (als1) =

1/|Al.

* Case II (b): For states s; where d7" (s;) = 0 and p(s;) = 0, the objective function provides no learning signal, so the
Q-function retains its initialization. Assuming a constant initialization for simplicity, the corresponding softmax policy
is uniform: 75(a | s1) = 1/[A[ forall a € A.

In both Case II (a) and Case II (b), we can prove that for any unvisited state s; ¢ DY, Va € A, ma(als1) = 1/A, which
proves the second claim in Theorem 1.
B.2. Connection Between ValueDICE and BC

As discussed in Remark 3, the re-parameterization perspective could also help analyze the connection between another
famous Q-based method ValueDICE (Kostrikov et al., 2020) and BC. In particular, ValueDICE first learns a Q-function via

H
o (v LZ exp (= Qlon.an) + MAX(@)(on41)| ) = By DIAXQs] . 19

and derives argmax policy mg(s) = argmax,c 4 Q(s, a) where MAX(Q)(s) = max,c 4 Q(s, a). Comparing Eq. (15) with
Eq. (4), ValueDICE shares the same structural form as IQ-Learn, with MAX(Q)(s) playing the role of LSE(Q)(s). Applying
the re-parameterization argument from Remark 3, one can identify a term of the form maxq (Q(sp, an) — MAX(Q)(sp)) =
max, C - I{mg(sn) = aj} embedded in Eq. (15), which corresponds to BC with a 0-1 loss.

B.3. Proof of Corollary 1

We consider the Reset Cliff MDP introduced in (Rajaraman et al., 2020). The environment is defined as follows. The state
space at time step h is Sp,, where |S1| = |Se| = -+ = |Syg| = S, and each S}, contains a designated bad state by,. The initial
state distribution is given by

_ (. 1 5-2
p= (m R Rl u )
where N = |DF| is the number of trajectories in the expert dataset.

We consider a fixed deterministic expert policy 7. At any non-bad state 55, € S, \ {by, }, taking the expert action 7% (s},)
resets the agent to a state drawn from p and yields a reward of 1; any other action transitions deterministically to the bad
state b1 and yields a reward of 0. The bad states are absorbing: every action from b, returns to b1 with reward 0.
Formally, the transition and reward functions are

Pl span) =47 o €Sk an =7 (s),
me dp,, otherwise,

’I“(S “ ): 1, sp € Sh\{bh}, ap :’/TE(Sh),
o G 0, otherwise.

Here 6, is a dirac delta distribution on the bad state by,.

We begin with the following imitation gap decomposition.
E = E BC BC ~
Ve —E [VF] =V —E [V 4 E [V - vA]
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To prove the lower bound, we first analyze the term V™Y V7 In particular, according to the policy difference lemma, we
can obtain that
ﬁﬂ.

7]

BC

Vﬂ'

H

=E Z Earv‘n'BC(-\sh) [QW(Shv a)j| - anﬁ(<|sh,) [Qﬂ(shv a)]
h=1

Theorem 1 discloses that V2 < h < H, Vs € Sy, 7(a|s) = 78°(a|s). Then we can obtain that

V”BC — V% =K |:]Ea~ﬂ-BC(.|51) [Q%(sl, a)} - ]an%('\sl) [Q%(slv a)}

In the Reset Cliff MDP, if the agent takes a non-expert action, then it will transition into the absorbing states and cannot
receive positive rewards anymore. This implies that Q™ (s1,a) = 0, Va # 7% (s;). Then we can obtain that

]

For any step h, we define Sy, (DY) := {55, € S), : s, € DY} as the set of states visited in D in time step h. According to
Eq. (14), the BC policy can exactly recover the expert action in any visited state s € S;(D®) and thus 75€ (7% (s)|s) —
7(n2(s)|s) = 1 — 7(7¥(s)|s) > 0. For any unvisited state s ¢ S;(D¥) U {b}, Theorem 1 implies that 7B (7F(s)|s) —
#(wB(s)|s) = 1/|A] — 1/|.A| = 0. Then we can obtain V™~ — V# > 0 almost surely. Then we have that

BC

VYT =B Q7 o1, (50) (5O s)lsn) — F()ls0)

V™ _E {Vﬂ — V™ _E [V”BC} +E [V”BC _ Vﬂ >V ™ _E [V”BC} .

Now, we can turn to analyze the imitation gap of yr E[V”Bc]. While Rajaraman et al. (2020) have established the
imitation gap lower bound for any offline IL. method, including BC, we identify a flaw in their proof. We therefore develop a
new analysis to establish the imitation gap lower bound specifically for BC.

In the Reset Cliff MDP, the agent suffers a reward loss when it takes a non-expert action for the first time. Therefore, we
define ¢ as the first time that the agent takes a non-expert action in a trajectory 7 = {s1, a1, 82, ..., SH, G }.

_Jinf{h:ay #78(sp)}, if 30 € [H], ap # 7%(sp),
lH+ 1, otherwise.

Then we have that

H H+1

vyt [erh,ah BC @)E{Ht+1WBC} STP (t=h)(H - h+1)
h=1 h=1
H

Z Y(H—h+1).

Equation (a) holds because in the Reset Cliff MDP, the agent receives zero reward once it takes a non-expert action. To

analyze the probability p° (t = h), we define another random variable t* as the first time that the agent visits a state
uncovered in demonstrations D,

o inf{h 1 Sh ¢ Sh(DE) U {bh}}, if 3h € [H], Sp, ¢ Sh(DE) U {bh},
lH+ 1, otherwise.

Here S, (D) denotes the set of states that are visited in D in time step h. Then we can obtain that
P (t=h)>P" (t=ht"=h)=P" (t*=h)P™  (t=h|t"=h).
For the conditional probability, we have that

P (t=hlt =h)= > P (t=h,s, = s|t" = h)
SESH
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TP (t = hlsy = st = R)PT (s, = s[t* = h)

SESy

= > P =hls= st =P (s = sl = h).
s¢Sh(D®)U{bn}

The last equation follows that for any s € Sy, (D®) U {by}, P™ " (s, = s|t* = h) = 0 since h is the first time step that 75€
encounters a state uncovered in D. For any s ¢ S;,(D¥) U {b;,}, we have

BC

P™ " (t = hls, = s,t* = h)
C
= 3 P (an = a,arn-1 = T (s1a-1)lsn = 5,8 = h)
a#mE(s)
xBC E u 7 BC E u
= Z P™ (an = alarn—1 = 7" (s1n-1),5n = $,t* = h) P (a1n—1 = 7 (S1:n—1)|5n = s,t" = h)
a#nE(s)
C
= > P™ (an = alarn—1 = 7%(s11-1), 55 = 5,t" = h)
a#mE(s)
C
= Z P (ah =alaj.p—1 = WE(slzh,l),sh =s,V1<t<h-1,s € St(DE) U{bi},sp ¢ Sh(DE) U {bh})
a#nE(s)
b S BC
ST P (an = alsy = 5,50 ¢ Sh(DP) U {br})
a#7mE(s)
© Z ¢ (ap, = alsp = s)
aZmE(s)
= Y 7%%als)
a#mE(s)
(d 1

21—
Al

. (] p p
In equation (a), we leverage the property that pr” (alzh,l =75 (s1.h_1)|8n = 8,t% = h) = 1 because the event t* = h
means the agent visits a state s, # b in time step h, implying that it must always takes the expert action before . Equation
(b) follows that ay, is independent on s1.,_1 and a;.,—1 conditioned on s;,. Equation (c¢) holds because the event s;, = s for

state s ¢ Sy (DF) U {by,} implies the event s, ¢ Sy, (D) U {b,}. In equation (d), we leverage the property that in a state s
unvisited in DF, Va € A, 7% (a|s) = 1/|.A| due to Eq. (14). Then we can calculate the conditional probability.

P (t=hit =h)= > P (t=hlsp=st"=h)P" (s, = s[t" = h)
5¢5,(DE)U{by}
_ (1 - ;') S P (s = sl = h)
s@5,(DE)U{bn}
1
T
Then we have that
1

[A|

BC

P (t=h) > P (t=h)P™ (t = h|t* = h) > (1 - ) P (1" = h).

Then we proceed to analyze the imitation gap.

H
v v =SNTPT (=) (H — b+ 1)
h=1

1) o B0 0
2<1—|A|)];P (t“=h)(H—-h+1).
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Taking an expectation over D on both sides yields that
E BC 1 H BC
Epe [V” -vr ]z (1—|A|)ZEDE [w (t“:h)} (H—h+1). (16)
h=1

Then we can calculate the probability P™ (t* = h) as follows.

BC

Pt = h) =P (sp ¢ Sh(D®) U {bn},Yh' € [h— 1], 50 € S (DF) U {by'})
ne (Sh ¢ Sh(DE) U {bh}7Vh/ S [h — 1], sp € Spr (DE))
©p® (s, ¢ SL(D®) U {bn}, VA’ € [h— 1], 51 € S (D))

@ pr

h—1
© <H IP)WE(Sz € Sh(DE))> P (sh ¢ Sh(DE) U {bh})

=1
h—1
=1 \ se8,(DF) s¢Sp(DE)U{br}

Equation (a) holds because if the agent visits the state by, in some preceding time step h’ < h, it must visit the state by, in
time step h. Equation (b) holds because that VA’ € [h —1],Vsp € Sp/(DE), 7BC(7E (s4/)|sns) = 1. Equation (c) leverages
the property that under the expert policy, the state in each timestep is i.i.d. drawn from the initial state distribution p. Taking
an expectation over D¥ on both sides yields that

h—1

BC
Epe [P (¢ =1)| =Fpe | | [T X ol9) S als)
(=1 \se5,(D") S@Si(DF)U{by}
h—1
(a)
= I[Eoe | D p(s)| | Epe ST pls)
=1 s€8,(DE) s¢Sp(DE)U{br}

Equation (a) holds because the state at each time step of D¥ is i.i.d drawn from the initial state distribution p. For each term
in the RHS, we have that

Epe | > pls)| =1—= > p(s)P (s ¢ Su(D”)) =1 > p(s) (1 —p(s))",
| s€Se(DE) SES, SESy

Epe | S o) = S0 p(s)P (s € SuDP) U b)) = 3 pls) (1= p(s))™ .

| s¢Sn(DE)U{br} SESy SES,
We define € := ) g, p(s) (1 - p(s))™ and get that Epe [IP”BC (t* = h)] = (1 — )"~ e. Substituting this result into
Eq.(16) yields that
B BC 1 1
Eps |V — VT } = (1_> (- N (H-h+1)e
A=
1 LH/2]
Z(l)s (1—)" " (H -h+1)
A=
LH/2]
1\ H _
z(1>5 (1—e)?
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(- ) (ool

The last inequality follows that (1 +xz/n)"™ < exp(z),V|z| < n,n > 1. Besides, Lemma 4 implies thate > (S —2)/(e(N +
1)). Then we can obtain that

Epe [V”E - V”BC} > (1 - |it) g (1 — exp (—ML?J))

When —-5=2) | & € [-1,0], according to exp(z) < 1+ z/2,Vz € [—1,0], we have

e(N+1)
(S—2) H (S—2) H
xp <_e(N +1) L2J> Slosvanlz!k

Then we have that

B BC 1\ (S-2)H H SH?
Epw [V -V }Z(1Jél|>zle(ZV—|—1)L2JN N

When —-5=2 | Z| < —1, we have that

e(N+1)
H 1

Combining the above two inequalities finishes the proof.

B.4. Derivation Gap in IQ-Learn

In this section, we examine why 1Q-Learn, despite originating from the AIL objective, produces an optimization objective
that closely resembles BC. We present the key steps in the derivation of 1Q-Learn (Garg et al., 2021):

 Step I. IQ-Learn starts with the following minimax objective of AIL.

H H
ZT(Shaah)l —Ex [Z r(sn,an) +H(7T('5h))D ~

h=1 h=1

min [ maxEpe
w€ell \ TeR

Here R = {r : S x A — [0, 1]} is the class with bounded reward functions.

 Step II. IQ-Learn transforms this primal problem into the dual formulation.

Z r(sn,ap 1 —E, lz r(Sh,an) —l—?—l(w(-sh))]) . (17)

reR \ well 1

max (mln Epe

e Step III. The inner minimization over policies in Eq. (17) corresponds to a maximum entropy RL problem with a closed-
form solution. IQ-Learn plugs this closed-form solution into Eq.(17) and obtains the following single maximization
objective.

max Epe
reR D

H
Zr(sh,ah)
h=1

Here Q**°f*" is the soft-optimal Q-function regarding reward r.

—Eqsynp llog (Z exp (Q*™" (s1, a)))] : (18)

acA

* Step IV. IQ-Learn applies the change-of-variable r(sp,, an) = Q(sn, an) —Egp(|s,,am 108> ca exp(Q(s', a")))],

yielding the following objective w.r.t Q-functions.
et (5 mt@ta) |
a’eA

H
Z Q(snyan) — Egwp(lsp,an) [log (Z exp (Q(s', a’)))]
h=1
(19)

max Epe
Qeo P

a’€A

Here Q@ = {Q : S x A — [0, C]} is the class of Q-functions.
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We identify Step IV as the source of the equivalence breakdown. The change of variables introduces a Q-function in place
of the reward, but IQ-Learn overlooks the constraint that the induced reward must remain in R. However, 1Q-Learn ignores
that the new Q-variable must satisfy that the derived reward variable should satisfy the original constraints. Specifically, for
any @ € Q, the induced reward function 7q(sp,a) = Q(sn,a) — By op(|s,,a)[108(> . c4 exp(Q(s’, a’)))] must belong
to R. This requirement translates to:

0 <Q(sp,a)— ESINP(.BMQ) [LSE(Q)(S/)} <1, VY(h,sp,a)€[H] xS, x A

These are precisely the Bellman constraints from Eq. (9) in our primal-dual framework. Thus, the necessity of Bellman
constraints emerges naturally even when viewed through 1Q-Learn’s derivation idea.

C. Omitted Results in Section 4
C.1. Derivation of the Primal Dual Framework in Section 4.1

In this part, we derive the primal dual framework in Section 4.1 using Lagrangian duality theory. We first derive the dual
V-function distribution matching formulation from the primal distribution matching.

The primal distribution matching problem is as follows:

m;ni (Drv (@ dn) — H(dn)),

s.t. Zdl s1,a) = p(s1),Vs1 € Sq,

acA
Z dn(sh, @) Pp(Sh+1lsn, a) Z dnt1(sht1,0), V1 < h < H —1,Ysp41 € Sp4a,
(sh,a)eSL XA ac A

dp(sp,a) > 0,Y(h,sp,a) € [H] x Sp, x A.

where

— 1 — — dn(s 1y A
Drv(df.dn) =5 Y 147" (sn.a) = du(sn, a)| and H(dy) = Es, 0)na, [_ log (Zh(})ﬂ :

dn(s,a
(sp,a)ESL XA acA h(a )

Because the minimization objective DTv(d;{E, dp) — H(dy,) is convex and the constraint set is a polytope, this problem is
a convex problem and we can apply Lagrangian duality (Boyd et al., 2004). First, we introduce the variable uy (s, a) to
eliminate the absolute value.

1 dn(sp,a)
. e (ST
s.t.u(sy,a) > (?;;\E(sh,a) —dp(sn,a),¥(sp,a,h) € S, x Ax [H],
u(sn,a) > wa\E(sh,a) + dn (s, a), ¥(sn, a,h) € Sy x A x [H],
Z dy(s1,a) = p(s1),Vs1 € Sy,

acA
Z dn(Sh,a)Pn(shy1|sn,a) = Z dh1(Sht1,0),¥V1 <h < H —1,Vsp41 € Sy,
(sp,a)ESEL XA acA

dp(sp,a) > 0,Y(h, sp,a) € [H] x S, x A.

We now introduce Lagrange multipliers for each constraint:

A

B(sn,a) > 0 for u(sp,a) > df (sh,a) — dp(sp,a)

—

a(sp,a) > 0 for u(sp,a) > —di" (sp,a) + di(sn,a)
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—V{(s1) for dy(s1,a) = p(s1)
~V(sngr) for Y dn(sn,a)Pu(snsalsn,a) = > digi(snin,a)
(sh,a)ESL XA a€A
A(sp,a) for dp(sp,a) >0

Then we provide the Lagrange Function of the original optimization problem.

E(d7 u’ O[, /8’ V’ A)

1 dn(sn,a
= Z §U(Sh7ah) + dp(sh,an)log (%)
(sn,a,h)ES X AX[H] a @h\Sh;

—

+ > Bsn, a)(dr” (sn, an) — dn(sn, an) — u(sn, a))
(sp,a,h)ESXAX[H]
+ Z a(sp, a)(—dgE(sh, ap) + dp(sp,an) — u(sp,a))

(sh,a,h)€ES X AX[H]

_ Z V(sl)(p(sl) — Z dl(slaa’))

s1E€S1 acA
H

- Z Z V(sn) Z dh—1(8h—1,a)Pn(sn|sn—1,a Zdh (Sh,a
h=2 s, ESh (Sh—1,0)ESh_1 XA a€A

_ Z A(Sh,a)dp(sp,a)

(sh,a,h)ESXAX[H]
Now we extract the coefficients of the variables uy, (s, a), dn(sp, a) and rearrange the term:

L(d7 u? a? ﬂ? ‘/;A)

- atena) (3 Blna) —atna)

(eh a,h)ESX AX[H]

+ Z Z dn(sn, a)[—B(sn,a) + a(sn,a) + V(sp)

= (sh,a)ESh X A

- SH;}LH V(sha1)Pr(sny1lsn,a) — A(sn,a) + log(%
+ 2 dulsma)(=Blsma) + alsu,a) +V(sn) = Alsu, ) +log(%

(SH,(I)GSHX.A

+ S (Blsna) - alsna)di" (sna)— S Vis)p

(sh,a,h)ES X AX[H] $1E€S81
According to the KKT condition, we take the gradient of each original variable uy,(sn, a), dn(Sh, @) and set them to 0.

oL(d,u,c, 3,V,\) 1

Du(sn.a) =5 B(sn,a) — a(sp,a) =0. (20)
oL(d Vi
vhe i -1, LB OBV _ oy B+ V)~ S Visnen) Palsnsilsn o)
8dh(sh’a) Sh+1€Sh+1
dn (s,
— (s, a) + log(dn(sn, a)) + 1 —log(D_ dn(sn, a) Z 5 hd:hsh

= a(sn,a) = B(sn,a) + V(sn) = Eg,, oPy (Jsn.a) [V(8h+1)]
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dh(S}“CL)

— Asp,a) +log( =———F—"——

( " ) g<za dh(shaa)
=0 [@2))

Similarly, we have that
OL(d,u,a, B, V, \ dg(sg,a
( p ) :a(sH,a)—ﬁ(sH,a)—l—V(sH)—)\(sH,a)—l—log(M) =0. (22)
> adu(sm,a)

adH(SH, a)
Using the gradient of u(sp,, a), dp(sp, a), we can get

B(sn,a) + a(sp,a) = %
Vh e [H —1],a(sp,a) — B(sh,a) + V(sp) — Es, 1 ~Py(-lsn,a) [V(sht1)] + log(%) = A(sp,a) >0

(11, a) = Blsm,a) + V(su) + 1og(;f;(§f;’:L)> — Aswra) >0

Now we do the following derivation to eliminate dy,(sy,, a).

dpn(sp,
(Z hcgh}(lShy) )) > B(sn, a) = alsn,a) = V(sn) + B, wpi(lsn.a) [V (n41)]
W519) s xp(Blsn @) — alsns0) = Vsn) + Eay oy (lona [V (511))

@ S A—
>0 dn(sn,a) —
=12z ZGXP (snsa) = a(sn,a) = V(sn) + Es, npy(lsn,a) [V (Sh41)])

= exp(V(sp)) > Zexp (8n,a) — a(sn,a) + Eq,  ~py(lsn,a) [V (Sh41)])

Sh? a’) - a(sh, a’) + E8h+1~Ph,('\S}ua) [V(Sthl)]))

The derivation for dg (s, a) is similar and thus we omit the derivation. Now we use w(sp,a) = B(sp,a) — a(sp, a) to
eliminate the variables 3 and c, and due to the equation Eq. (20) we can derive the scope of w(sp, a) is —5 < wp(sp,a) < %
Substituting the equations obtained by setting the gradients to zero back into the Lagrangian function, we can get the dual

problem.

max Z w(Sh, G)JZ\E(SIL’ a) - ES1~p[V<51)]

w,V
(sh,a,h)ESH X AX[H]

s.t.V(sp) > log(z exp(w( € [H — 1] x S,

Shs a’) + Esh,+1~Ph,('\Sh,a) [V(Sh+1)]))7 V(h, Sh)

Visg) > log(z exp(w(sy,a))),

1 1
~3 < w(sp,a) < i,V(h,sh,a) € [H] x S x A.
Since the optimization objective is monotonically decreasing with respect to variable V', we can replace the inequality with
equality.

Z w(sh,a)d/;?(sh, a) — Eg ~p[V(s1)]

(sh,a h)eSh ><.A><[ ]

max
w,V

s.t.V(sp) = log Zexp w(sp,a) +Eq,  op,(lsn.a) [V (8n11)])),V(h, 51) € [H — 1] X Sp,
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= og(L explu(smn,a)

1 1
~3 <w(sp,a) < i,V(h7sh,a) € [H] x S x A.
We introduce another two variables r(sp,a) = w(sp,a) + 3,V™(sp) = V(sp) + 3. By noting
that > 7(sn,a)d;" (sn,a) = E,ps[r(ss, an)], we can get the following optimization problem:

(sn,a,h)E€SK x AX[H]

max B, e [r(sn, an)] = Eop [V 51)

s5.6.V™ (s5,) = log Zexp r(sns @) + Es, by (1sn,a) V™ (8041)])), V(R sp) € [H — 1] X Sy,

V¥ (sg) = log Zexp (r(sm,a))),
0 <r(sp,a) <1,Y(h,sp,a) € [H] x S x A.

Up to now, we have derived the dual V-function distribution matching problem in Eq. (7). Then we start to derive the dual
Q-function distribution matching problem in Eq. (8). In particular, we introduce the Q-function:

V(sn,a,h) € Sp x Ax [H —1],Q(sn,a) = r(sn,a) + Eg, . <P, ([sn.a) [V (8011)], Q(sH,0) = r(sH, a).

We plug the above equation into the formulation of dual V-function distribution matching, yielding dual Q-function
distribution matching in Eq. (8).

max E,_pe ZQ $hs @) = By p( sy an) [ LSE(Q)(5")]
h=1

s.t. 0 < Q(sn,a) = Eyop(sn.a) [LSE(Q)(S’)] <1,(h,sp,a) € [H x Sp x A.

—Eqy~p | LSE(Q)(s1)]

C.2. Proof of Theorem 2
To prove Theorem 2, we establish the equivalence among AIL in Eq. (2), Dual V-DM in Eq. (7) and Dual Q-DM in Eq. (8).
Proposition 2. Suppose that (T, 17) is the optimal solution to Dual V-DM in Eq. (7) and T is the deriving policy, i.e.,

Vh € [H], sy € Sh,a € A,7(alsy) < exp ( T(sn,a) + Egup(|sn,a) [‘7(3’)}) .

Then 7 is the optimal solution to AIL in Eq. (2).

Proof. Let (7, V) be the optimal solution to the Dual V-DM problem in Eq. (7). Let R = {r : r(s,a) € [0,1],¥(s,a) €
S x A} denote the set of bounded reward functions.

In the Dual V-DM problem, the constraints imposed on V/,

V(sn) = LSE(r + PV)(s1), V(h,sn) € [H] x Sh,

imply that V' is exactly the soft optimal value function with respect to the reward r, i.e., V = V**°f"" Consequently, the
expected initial value can be equivalently evaluated by solving the standard entropy-regularized reinforcement learning
problem:

ESlNP [V(81>] = IT{IEE%{ET~71'

Z (r(sh,an) + 7-[(77(|sh)))] . (23)

h=1

Substituting Eq. (23) back into Eq. (7), we can reformulate the Dual V-DM problem as the following max-min optimization

problem:

H
Ernr lz (r(sh,an) + H(W('|Sh)))] ) 24)
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Let ¢(7, r) denote the objective function inside the parentheses of Eq. (24). The optimal reward 7 is the solution to the outer
maximization of Eq. (24), i.e., 7' = argmax,.c ¢(r), where ¢(r) = min,en ¢(m,r). Furthermore, the deriving policy 7 is
formulated by

exp ( 7(sn,a) + Egp(sy.a) [17(5’)]) - Q*7soft7?(87 a)
D areA €XP ( 7(8h,@') + Es'wp(|sp.a) [‘7(8’)D D aea @ (s,a7)’

indicating that 7 is the soft optimal policy regarding 7. Therefore, we have that 7 is the solution to the inner minimization of
Eq. (24) given 7, and this solution is unique due to the property of maximum entropy RL.

T(alsn) =

The AIL problem in Eq. (2) is exactly the min-max counterpart: mingenmax,er ¢(m,7). Let AL ¢

argmin, . ¢(), ¢(7) = max,er ¢(m,7) be the AIL’s solution. Our target is to prove that 7 = 7. We first prove that
(A7) is the saddle point of the min-max problem using the minimax theorem (Sion, 1958). In particular, we transition
from the policy space to the state-action visitation distribution space (occupancy measure) D, where

D = {V(h, sp,a) € [H] X Sy € A,dp(sp,a) >0,
V(h78h+1) S [H — ].] X Sh+1, Z Z dh(sh,a)P(sh+1\sh7a) = dh+1(8h+1)}.
ShESH aEA

It is a well-known result that there exists a bijective mapping between the occupancy measure d and the policy 7 (Syed
et al., 2008). Then we rewrite the objective function as

= Z Z (c?};}(sh, r(sn,a ) Z Z (df (s, a)r(sn,a) — H(d})) .

h=1 (sp,a)ES, XA h=1 (sp,a)ES, XA

Accordingly, we introduce the objective function in the occupancy measure space,

H —_—
= Z Z (dgE (sn,a)r(sn,a ) Z Z (dn(sh,a)r(sh,a) — H(dp)) ,

h=1 (sp,a)ESnx.A h=1 (sp,a)€Snx.A

and consider the min-max problem in the occupancy measure space mingep max,cg. Observe that J(d, r) is linear (and
thus concave) in 7 and strictly convex in d™ according to (Ho & Ermon, 2016, Lemma 3.1). Since the feasible domains D
and R are both compact and convex, Sion’s minimax theorem (Sion, 1958) applies, yielding strong duality:

min max J(d, r) = max min J(d, ). (25)
deD rerR r€R deD

This directly implies strong duality in the policy space.
PR R O ) = () = nary ) = g el )

AIL

Recall that 74T € argmin, ¢y ¢(7) and 7 € argmax,.c ¢(r). Due to strong duality, we have that (74", 7) constitutes a

saddle point for ¢ (7, r), which implies:
7L € argmin ¢(x, 7).
mwell

Recall that given 7, argmin_ .y ¢(7,7) is a maximum entropy RL problem, which admits a unique optimal solution 7.
Then we have that 74 = 7, which finishes the proof. O

Proposition 3. Suppose that @ is the optimal solution to Dual Q-DM in Eq. (8), and 7 and V are the deriving reward and
V-function, respectively, i.e.,

Vh e [H}a Sp € Shva € Av ?(Shaa) = @(sh,a) - Es’wP(~|sh,a) [IOg (Z eXp (@(8/, a/))>‘| ;

a’€A
?(sh) = log (Z exp (@(sh, a))) .

acA

Then (T, 17) is the optimal solution to Dual V-DM in Eq. (7).
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Proof. We first show that (7, ‘A/) is a feasible solution to Dual V-DM in Eq. (7). According to Bellman constraints in Eq. (9),
we have that 0 < 7(sp,a) < 1,Y(h, sn,a) € [H] x S, x A. Besides, we have that @ is the soft optimal Q-function
regarding 7 and V is the corresponding soft optimal V-function. This implies that V satisfies the soft Bellman optimality
equation regarding 7, i.e.,

V(sn) = LSE(7 + PV)(sn),V(h, sp) € [H] X Sh.

Together, we have that (7, 17) is a feasible solution to Dual V-DM in Eq. (7).

Then we prove that (7, ‘A/) is an optimal solution to Dual V-DM in Eq. (7). According to the connection between @ and
(7, V), we have that

H
ETNDE Z ?(Sha ah)] - Eslwp {‘7(51)]

h=1

i Q(sn,an) — Eg wP(lsn,an) [log (Z exp (@h+1(s/a d)))”
h=1 a’€A
—Eq,~p llog (Z exp (@(sl, )))] .

a’€A

== ]E'DE

For any feasible solution (7, V') to Dual V-DM in Eq. (7), we define the corresponding Q-function as
V(h,sn,a) € [H] x Sp x A, Q(sn,a) =r(sn,a) + Eyp, (sp.a) V()]
Notice that V' is feasible and thus satisfies that
V(h,sp) € [H] X S,V = log <Z exp (7(sh,a) + Egwp(sp,a) [V(8)) > log (Z exp (Q(sn,a ))
acA acA
Then we can have that V(h, sp,a) € [H] x S X A,
Q(Sh’ a) — IES/NP('|Sh,»a) |}Og (Z exp (Q(S/7 d)))} = Q(wa a) - ES'NP('\Sh,,a) [V(S/)} = T(Shv a) € [07 1]'
a’eA

Therefore, (@ is feasible w.r.t Dual Q-DM in Eq. (8). Then for any feasible solution (r, V') to Dual V-DM in Eq. (7), it holds
that

E; pe lz ?(Sh,ah)] —Esinp {‘7(31)}
h=1
H
= Epe Z@(Shaah) —EgopP(lsn,an) [log (Z exp (@(5'7a1)>> —Eginp [log <Z exp (@(81, )))]
h=1 a’€A a’eA
H
(Z)EDE ZQ(Sh’ah) — B P(|sn.an) [log (Z exp (Q(s/ﬂ/)))] Es,mp llog (Z exp (Q(Sl,a')))]
=1 a’e€A a’€e A
" H
=E, . pe [Z Th(Sh,ah)] Esivp [V(s1)]
h=1

Inequality (a) follows that @ is the optimal solution to Dual Q-DM in Eq. (8) and () is a feasible solution. This implies that
(7, V) is an optimal solution to Dual V-DM in Eq. (7), which finishes the proof. O

With Proposition 2 and Proposition 3, we can now prove Theorem 2.
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Proof of Theorem 2. Suppose that @ is the optimal solution to Dual Q-DM in Eq. (8), we define that Proposition 3:

Vh e [HL Sp € Sh,"f € -A> F(Shaa) = @(Sma) - Es’~P(~|s;“a) [lOg (Z exXp (é(s/a a/)>>] 5

log<zexp( )). N

acA

According to Proposition 3, (7, ‘7) is the optimal solution to Dual V-DM. Proposition 2 further implies that
Vh € [H], sy, € Sp,a € A, 7(a|sp) x exp (?(Sh, a) +Eyp(isn,a) F/(s’)D
is the optimal solution to AIL in Eq. (2). Since 7(sp,a) = @(sh, a) —Egp(isp,a) {1og (Za,eA exp (@(s’, a’)))} =
@(sh, a) =By p(sn.a) [‘7(5’)] , T satisfies that
Vh € [H], s, € Sp,a € A, 7(a|sy) o< exp (@(Sh, a)) ;

which is exactly the softmax policy TG = softmax(@). This implies that TG is the optimal solution to AIL in Eq. (2), which
finishes the proof.

O

C.3. Proof of Proposition 1

To prove Proposition 1, we first establish the following technical lemma.
Lemma 1. Suppose that @ is the Q-function learned by Dual Q-DM via Eq. (8). It holds that

« Vh € [H], 3(sP, af) € D such that Q(sE, af) — Eyop( e o5, [LSE(@)(S/)} —1
« Wh € [H], (s, an) ¢ D such that Q(sn, an) — B p(sr.an) [LSE(@)(S')] =0.
The proof can be found in Appendix E.2. Now, we proceed to prove Proposition 1.

Proof of Proposition 1. Suppose that @ is the Q-function recovered by Dual Q-DM, and r@(sh, ap) = @(sh, ap) —

Eonp(lsn,an) [LSE(Q)(s")] and V (sp,) = LSE(Q)(sp) are the derived V-functions and reward functions, respectively. We
use backward mathematical induction to prove that the solution of Dual Q-DM satisfies the following two properties:

L. Vh € [H —1],s4 € Sh,a # 7%(s1), Q(sn, 7 (51)) > Q(sn, a).
2.Vh € [H—1],sF € SF s, ¢ SE,V(SE) > V(sp) and Elsh € SF such that Vs, ¢ S,V (SE) > V(sp). Here

s
Sy = {sh1 : Isn € Sn, P(shatlsn, 7 (sn)) > 0} and SF' = {s1 € S1 : p(s1) > 0} denote the set of
expert-reachable states.

Initialization (at time step H): Before proceeding to the base case at time step H — 1, we first show that property (2) holds
at time step H. According to Lemma 1, Vsy ¢ SE,r 5(sm,a) =0, thus

= log (Z exp(rg(sm,a ))) = log(|A]).

That is, the V-function attains the lowest value of log(].A]) at at any state uncovered by demonstrations. Meanwhile, Lemma 1
shows that EisH e SEr Q(s%, a) = 1, which implies V(sH) > log(|.A]). Therefore, at time step H, we have V(sH) >

V(sy) forall s% € SE, sy ¢ SE, and there strictly exists s € SE such that V (s&) > V(sg) forall sy ¢ SE.
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Base Case (at time step H — 1): We first prove that property (1) holds at time step H — 1. Notice that @ satisfies the
following Bellman optimality equation.

Q(sH,haE) = T@(SH,MG,E) + ]Es’NP(-\sH,l,aE)[V(SI)L
é(stla a) = r@(stlva’) + ES’NP(-|SH71,G) [‘7(‘9,)]’ va/ # a’E'

Lemma 1 indicates that Va # a®, rg(sH-1, a®) > rg(sm-1,a) = 0. Then we have:

Q(SHA,CLE) - Q(SHA,CL)

> Es’~P(~|SH717aE)[V(S/)] - ESI""P(‘|5H—17(1) [V(S/)]
= > P(Isu-1.a")WV(s) = Y P(|sp_1,a)V(s)

s'eSE s'€SH
= P(slsu1,a")V(s5)+ Y P(slsn—1,a®)V(sh)
S}E{ES/E
SE
— P(sflsu—1,)V(s§) = Y P(shlsu-1,0)V(s) = > Plsulsu-1,a)V(su)
S%Ggiz} sHESH
o

= V() (P(Rilsn-1,0®) = P(sflsn—1,0))

+ Z (P(s§|sm—1,a") — P(s|sp_1,a)) V(s§) — Z P(sglsg—1,a)V(sm)
sEesk sHESE
sEAsh
@ ~ —

> V(sh) (P(s%|sH,1,aE) - P(S%|SH,1,a))

+ | min V(s%) Z (P(sh|s—1,a") — P(sf|sp—1,a)) — ( max ‘7(51{)) Z P(sglsp-1,a)

sEesk s#Sp su¢SE
H

E - cE
E_E spESy
SH7SH E

E
sp#sS

(b) ~ —~ — o~
> V(s) (P(slsn1,a®) = P(sfilsn-1,0))

+ ( max V(SH)> Z (P(s|sm—1,a") — P(sf|sp_1,a)) — ( max ‘7(5H)> Z P(sg|sp-1,a)

E B
su¢Sg sE cSE sHESH SHQSE
HEOH §
B4

= V(sy) (P(s5ilsn1,a®) = P(sfilsn-1,0))

+ max V(sy) Z (P(s5|sp—1,a") — P(s§;|sp—1,a)) — Z P(sglsmp-1,a)

ngéSE,

S%E% SH¢SIE_}
SE A
(©) >0 B 7
=5 V(sE)— max V(s
( () — o <H>>

()
>0

Inequality (a) holds because in TD MDPs, Vh € [H — 1],sn € Sn,si,; € Spiy. P(splsn,m%(sn)) >
P(sP,1|sn,a),Ya # w%(s). Inequality (b) holds because we have established that V(s§) > V(sy) for all
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st € SE sy ¢ SE. For equation (c), we define § = P(s%|sy_1,a") — P(s%|sy_1,a). Because the sum of tran-
sition probabilities equals 1, we know that:

d+ Z (P(s§|sm—1,a") — P(sf|sp-1,a)) — Z P(sglsg-1,0)=1—-1=0,
SEESIE_‘} SHQSIE}

i
3H7£5]}:J

which seamlessly justifies substitution (c). To prove the strict ineqlljl\lity (d), we have both § = P(s%|sp_1, a®) —

P(s/g|sH_1, a) > 0 due to property of TD MDPs and Vsy ¢ S&, ‘7(5%) > V(sg) and & > 0 due to our analysis at the
initialization stage. Thus, property (1) holds at step H — 1.

Next, we verify property (2) at step H — 1. By definition, V (s,) = log (ZQGA exp(é)v(sh7 a))). We prove property (2) by
showing that Vst | € SE | sy 1 ¢ SE | a€ A, @(s%_l, a) > Q(sg_1,a). Using the definition of the Q-function
and knowing r(sg—1,a) = 0, we have that

Q(SI}?I—D Cl) - Q(SH—17 (l)
@ ~ ~
> Es’~P(-|s%717a) [V(sl)] - ES/NP('\SH71,(I) [V(S/)]

= Y PGBl aV(sE) — Y Plsulsu-1,a)V(sy)

sBesk sHESH
= Y Plshlsi_1,a)V(si) = Y Plsplsu-1,0)V(si) = > Plsulsu—1,a)V(sn)
sBest sBesk sH¢SE
= > (P(silsti—1.0) = P(slsu1,0) V(i) = D Plsulsu—1,0)V(sn)
sBest su¢SE
> | min V(sE) Z (P(s%|s%_1,a)—P(s%|sH_1,a))— max V(spy) Z P(sglsp-1,a)
5 €5 B esE sHESg B
SHECH sHESE

sBest sSHESE

@7( min ‘7(8];:{) — max V(SH)>

©
> 0.

Inequality (a) holds because Lemma 1 shows that the induced reward TS attains the lowest value 0 at any unvisited state sgy_1.
Equation (b) defines 6 = Zs;}esg (P(s%|s%_1,a) — P(s§|sg—1,a)), which equals ZSHQSIEI P(sp|sg—1,a) because
probabilities sum to 1. The property of TD MDPs ensures that § = - x s (P(s§lsf_1,a) — P(sglsn-1,a)) > 0.
Besides, we have established that Vs¥, € SE, sy ¢ SE, V(s%) > V(sp). Together, we can prove inequality (c).
Furthermore, Lemma 1 indicates that there exists 51;3{/: € SE_I and a%_l such that ré(sg/_\l, a%_l) = 1. In this case,
inequality (a) strictly holds, proving that \N/(sg\_l) > V(sg_1).

Inductive Hypothesis: Assume that at time step h, properties (1) and (2) hold.

Inductive Step: We need to prove the properties hold for time step h — 1. The proof mirrors the Base Case exactly.
We first prove property (1). According to property (1) in the inductive hypothesis, we have that 3s¥ € SF, Vs, ¢ SF,
V(sE) > V(sp,). Then we have that

@(Sh—lv a'E) - @(sh—lv CL)
(a) ~ ~
2 Eyop(lsn1,am) V()] = Esnup(isn_1,a)[V(5)]

= V(s%) (P(s%|sh_1,aE) — P(s%|sh_1,a)>
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+ > (P(sklsn-1,a") = P(s}lsn-1,a)) V(si)) = > P(snlsn-1,a)V (sn)
sPesp sn¢SP

E
s #ESE

> V(sF) (p(sg|sh_1,aE) - P(sg|sh_1,a))

+ | min V(s Z (P(s)|sn-1,a") — P(s}|sp-1,a)) — | max V(sn) Z P(sp|sp—1,a)
sEeSP sBesE sh¢SE ongSE

G SEaE
(b) ~ — — —
> V(sF) (P(sg|sh,1,aE) - P(sg|sh,1,a))

+ (max ‘N/(sh)> Z (P(s)|sh—1,a") — P(s}|sh-1,a)) — <max V(s;ﬁ) Z P(sp|sp—1,a)

sp¢SP sBesh sp¢SP sn@SE
sPAsh
OF (V(s%) — max V(sh)>
SnESy,

(]
>0,

Inequality (a) follows that Lemma 1 indicates that the derived reward TS attains the lowest value at a non-expert state-action
pair (s,_1, a). Inequality (b) follows the inductive hypothesis that Vst € SF, s, ¢ SE, V(sE) > V(s,). In equation (c),
we define 6 = P(;§|sh,17 a®) — P(;’Z:|sh,1, a) ‘and leverage the property the sum of the transition probabilities equals 1.
In the strict inequality (d), we have both § = P(s¥|s;_1,a") — P(sP|sp_1,a) > 0 due to the property of TD MDPs and
‘7(;5) > max,, ¢se V (s1,) due to the inductive hypothesis.

Property (2) also follows identical logic. In particular, Vs}_| € S |, s,_1 ¢ Sf°_,, we have

Q(s—1,a) = Q(sn-1,a)
(a) ~ ~

> IEs’va—_’(»|s]}%71,a) [V(S,)] - ]ES’NP('\sh,l,a) [V(S/)]
= Y Plsilshon@)V(sy) = Y Plsklsn-1,0)V(si) = > Plsnlsn-1,0)V(sn)

sBesk sPesk sp¢SP
®) ~ ~
> | min V(sh) Z (P(s)|sh_1,a) — P(s)|sh-1,a)) — max V(sn) Z P(splsp—1,a)
spESE S];;ESE ShES) s;LaéS}?

©s < min V(sf) — max ‘7(5;1)>

sEesP sn@SE

(]
> 0.

Inequality (a) holds because Lemma 1 shows that the induced reward 7 attains the lowest value O at any non-expert
state-action pair (sp—1,a). Inequality (b) follows the property of TD MDPs. In equation (c), we define that § =
DsEesy P(s¥|sk_|,a) — P(s¥|sp—1,a). In inequality (d), we have both § > 0 due to the property of TD MDPs and

minecge V(sf) — max,, ¢se V(s1) > 0 due to the inductive hypothesis. Then we can prove that Vsk | €SE | spo1 ¢
SI]?fl’ V(SI}?fl) > V(sph-1).
Again, Lemma 1 shows that 3(s¥ |, a}_|) € DF, 7”@(5%_1, al’_,) = 1. In this case, inequality (a) strictly holds. Then we

— ~

can get that 35 | € SP | Vs, 1 ¢ SE |, V(sE_|) > V(sn_1). Up to now, we have finished the induction analysis for
the Q-function recovered by Dual Q-DM.
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We continue to analyze the Q-function recovered by IQ-Learn. Recall the objective of 1Q-Learn:

H
max £(Q) = Erpe > Qsnyan) — (LSEQ)(snt1) | — Eaynp [(LSEQ)(51)] -
h=1

Here Q@ = {Q : S x A — [0, C]} denotes the class of bounded Q-functions. In IQ-Learn, there are no other constraints
beyond the boundedness constraint. Therefore, we analyze its solution by analyzing the gradient.

In time steps 2 < h < H — 1, for an unvisited state-action pair (s, ay) ¢ D, we have that

L@
0Q(sn,an)

As such, the IQ-Learn’s Q-function remains at its initial value, which we assume to be a constant. That is, @(sh, a) =
C,Va € A. Attime step h = 1, for all s; ¢ DF a € A,

L£(Q) exp(Q(s1,a))
9Q(s1,a) 2a eXP(Q(s1,0))

Consequently, all Q(s1,a) will be minimized uniformly, leading to the solution @(31, a) = 0,Va € A. We finish the
proof. O

= —p(s1) < 0.

C.4. An Example for Illustrating the Importance of Bellman Constraints

3
@
/ expert action (reward=1)
/ - non-expert action (reward=0)

Figure 5. An Example of TD MDP. Here arrows denote the corresponding transitions.

Consider the TD MDP shown in Figure 5, where S = {s', 5%, 53, 5%}, A = {a', a®} with a' being the expert action and
H = 2. We consider a uniform initial state distribution over {s!, 52} and use an entropy coefﬁcient of « = 0.1. The
demonstration dataset consists of a single expert trajectory D® = {s!,a', s?,a'}, rendering s2 an unvisited state. We study
generalization by characterizing the learned Q-function at this unv151ted state.

In this example, Dual Q-DM and IQ-Learn share the same objective

L(Q) = Q(s',a") — LSE(Q)(s°) + Q(s®,a') — 5 LSE(Q)(s") — 3 LSE(Q)(s%),

but they yield markedly different Q-functions at s2. IQ-Learn minimizes this objective without enforcing Bellman constraints.
Moreover, £((Q) is monotonically decreasing in both Q(s?, a') and Q(s?, a?). Consequently, IQ-Learn drives both values
to the same lower bound, resulting in Q(s2,a') = Q(s?,a?) = 0, and thus fails to distinguish the expert action at the

unvisited state.

In contrast, Dual Q-DM minimizes the same objective subject to Bellman constraints. By Lemma 1, these constraints attain
the maximal value on visited state-action pairs and the minimal value on unvisited ones, yielding

r@(sl,al) =1, Q( a?) = ( a') = Q(52 a®) =0,
@(SS,Cll) =1, ( 3 2) Q( 4 al) Q(S4 a ):O

The resulting Q-function satisfies the soft Bellman optimality equation with respect to this reward. Consequently, the
Q-values at s? are given by

Q(s%,a') = rg(s*, ') + LSE(Q(s)) = log(e!® + 1),
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Q(s, @) = 15(s,a®) + LSE(Q(s")) = log(2).
Although 5 (s a') and TS (s, a?) are both zero, the Bellman constraints propagate values from successor states. As a

result, Q(s ,a') reflects the higher value of the visited successor state s®, whereas @(32, a?) reflects the lower value of the
unvisited successor state s*. This enables Dual Q-DM to correctly identify the expert action at the unvisited state s,

C.5. Practical Implementation of Dual Q-DM

In this part, we present the practical implementation of Dual Q-DM, which incorporates Bellman constraints via penalization.
Algorithm 1 outlines the complete procedure.

H
Q) =E.pe [Z Q(sn,an) — LSE(Q)(sn+41) | — Esy~p [LSE(Q)(s1)]

H
— BE., . ponine {Z (ReLU(0 — Q(sp, an) + LSE(@)(ShH)))2 + (ReLU(Q(sn, ar) — LSE(Q)(sh41) — 1))2
- 6)

where ReLU(x) = max{0, z}, D°"i" is the online replay buffer and 3 > 0 controls the strengths of the Bellman constraints.
Besides, to improve the training stability, we use the target network @ to calculate the Bellman backup. This penalty term
imposes a quadratic penalty whenever the learned Q-function violates the Bellman constraints, encouraging the solution to
remain feasible. More importantly, it is evaluated over the entire online dataset, ensuring that Bellman constraints hold
across a broad state-action space beyond the demonstrations, which is essential for generalization as suggested by our
theoretical analysis.

Algorithm 1 Practical Implementation of Dual Q-DM for Discrete Control

Input: Q-value Q°, target Q-value QO = Y, and dataset D"lire = .
1: fork=1,2,..., K do
2:  Apply mgr-1 to roll out a trajectory 7k=1 and append it to the online replay buffer DOnline = penline | f7k—11
3:  Update the Q-value function by Q% + Q*~1 + o V{(Q) from Eq. (26).
4:  Update the target Q-value by Qk —TQF + (1 - T)@kil.
5: end for

For tasks with continuous action spaces, it is difficult to directly calculate the log-partition function (LSEQ)(s) =
log(D_,c .4 exp(Q(s,a))) and derive the softmax policy 7 = softmax(Q). To circumvent this issue, we follow (Haarnoja
et al., 2018; Garg et al., 2021) and trains an additional policy model 7 via solving

mgxf(w) = Eyupoine gr(.|s) [Q(8,a) — log(m(als))] . 27
It is direct to prove that the solution to the above optimization problem is exactly softmax(@Q). As a result, we can

approximate the softmax policy by maximizing ¢(Q). With a learned policy 7, we can further approximate the log-partition
function (LSE Q)(s) by Eqr(.|s) [Q(s,a) — log(m(als))]. Then the objective for the Q-function becomes

H
UQ)=E, pr [Z Q(sn,an) — ]Ea’w'rr(-|sh,+1) [Q(sh+1, al) - log(ﬁ(a/|8h+1))]]

h=1
_Eslwp,a’wﬁ(-\sl) [Q(sla ) log( ( /|51))]
" ) . @
— BE... poniine l:z (RGLU(O —Q(sn,an) +Egron(. Clshit) [Q(Sh+17 a') — log(ﬂ'(a’|sh+1))] ))
h=1

+ (ReLU(Q(sh, an) — Earon(sniy) [Q(she1,a’) —log(m(a[shy1))] — 1))2]

31



Submission and Formatting Instructions for ICML 2026

Algorithm 2 Practical Implementation of Dual Q-DM for Continuous Control

Input: Q-value Q°, target Q-value QO = QY policy 7° and dataset D° = ().
1: fork=1,2,..., K do
2:  Apply 7%~ to roll out a trajectory 7%~! and append it to the dataset D¥ = D*—1 U {7F~11,
3:  Update the Q-value function by Q* < Q"1 + agV{(Q) from Egq. (28).
4:  Update the policy by 7% < %=1 + o, V/(r) from Eq. (27).
5:  Update the target Q-value by Qk —TQF + (1 - T)@k_l.
6: end for

C.6. A Detailed Comparison of Various Q-based IL Approaches
We perform a thorough comparison of Dual Q-DM with prior Q-based methods. The practical objective of Dual Q-DM is

H
Dual Q-DM: maxE,..pe [Z Q(sn,an) — LSE(Q)(sh11) | — Esynp [LSE(Q)(51)]
h=1
H
— BE... ponine {Z (ReLU(0 — Q(sp, an) + LSE(Q)(shH)))2 + (ReLU(Q(sh, an) — LSE(Q)(sh+1) — 1))2 .
h=1

For comparison, we consider several IQ-Learn variants. The standard IQ-Learn with TV divergence optimizes:

- ]E51~P [(LSE Q)(Sl)] .

H
1Q-Learn (TV): max E. .pe [Z Q(sn,an) — (LSE Q) (sht1)
h=1

The standard IQ-Learn with y2-divergence adds a squared Bellman error term calculated on demonstrations.

H

1Q-Learn (x*): max E;pe [Z Q(sn,an) — (LSEQ)(sn+1)
h=1

— Eq,~p [(LSE Q) (s1)]

H
- EETNDE [Z (Q(sn,an) — (LSEQ)(sn41))?
h=1

Garg et al. (2021) included a regularization term in its official implementation but did not introduce it in the paper. We call
this variant Reg 1Q-Learn, which is formulated as

H

Reg 1Q-Learn: max E, _pe . an) — (LSE
eg IQ-Learn mexE..p L;Q(S; an) — (LSEQ)(sh+1)

—Eq,~p [(LSEQ)(s1)]

H
- 3E7—~D°"“"e [Z (Q(sh,ah) - (LSE Q)(3h+1))2‘| .
h=1

The additional regularization corresponds to the squared Bellman error evaluated on the online dataset. LS-1Q (Al-Hafez
et al., 2023) mainly follows the Reg IQ-Learn formulation and is thus omitted from this comparison. We present the key
distinctions as follows.

Dual Q-DM V.S. IQ-Learn (x?) and IQ-Learn (TV). First, compared to IQ-Learn (TV), Dual Q-DM incorporates
Bellman constraints to establish temporal coupling across the Q-function. Section 4 demonstrates that Bellman constraints,
by propagating Q-value information from visited to unvisited states, are essential for Q-based IL to generalize beyond
demonstrations and mitigate compounding errors. Empirical results in Figure 4 and Figure 2 corroborate this theoretical
finding.

Second, compared to IQ-Learn (TV), IQ-Learn (x?) adds a Bellman error term computed on expert data. While this
superficially resembles our Bellman constraints by introducing coupling in the Q-function, its impact is limited because it
only couples Q-values on state-action pairs visited in demonstrations. Since Theorem 1 establishes that both IQ-Learn (TV)
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and BC can already recover expert actions in demonstrations, this additional constraint provides minimal benefit. In contrast,
Dual Q-DM induces Q-function coupling across the broader online dataset, extending well beyond the demonstrations and
thereby enabling generalization to unvisited states. Figure 4 empirically confirms that Dual Q-DM demonstrates substantially
better performance than IQ-Learn (x?).

Reg IQ-Learn V.S. IQ-Learn (x?). Unlike IQ-Learn (x?), Reg IQ-Learn computes the Bellman error term on the
broader online data. From our theoretical perspective, this enables coupling across state-action pairs beyond the expert
demonstrations, facilitating generalization to unvisited states. Figure 2 confirms that Reg IQ-Learn substantially outperforms
standard 1Q-Learn. While previous works (Al-Hafez et al., 2023; Karimi & Ebadzadeh, 2025) have interpreted this
regularization as implicit reward regularization for training stability, we uncover a fundamental RL mechanism: the
regularization propagates Q-value information through environment dynamics from visited to unvisited states, enabling
effective generalization.

Dual Q-DM V.S. Reg IQ-Learn. Although Reg IQ-Learn’s regularization establishes Q-function coupling, it introduces
reward bias: the Bellman error term explicitly assigns a minimum reward of O to all online state-action pairs, even those
closely resembling expert behavior. This biases Q-function learning. In contrast, Dual Q-DM’s penalty term constrains the
reward range without prescribing specific values, avoiding this bias. The experimental results in Figure 2 corroborate this
advantage: Dual Q-DM outperforms Reg IQ-Learn.

D. Extension to the Infinite-horizon Setting

In this part, we extend the main results of this paper to the infinite-horizon setting.

D.1. Infinite-horizon MDP Setting

We consider the infinite-horizon discounted MDP M = (S, A, P, r*, v, p), where v € (0, 1) is the discount factor and all
other notation follows Section 4. Unlike the finite-horizon setting, the state space S is stationary (not layered). A policy
7 : S — A(A) induces a discounted stationary occupancy measure:

d™(s,a) = (1-7) Y _+'"7"P"(s¢ = 5, a, = a).
t=1

BC in the infinite-horizon setting. BC in the infinite-horizon setting directly applies the same MLE objective as in the
finite-horizon case (Eq. (1)):

B¢ = argmax E(s,0)~pr [logm(als)].

mell

In function space, the BC policy recovers the empirical expert conditional distribution on visited states and assigns a uniform
distribution on states uncovered by D¥. As a consequence, BC cannot infer expert actions at unvisited states and suffers
from compounding errors. Its imitation gap scales as O (1/(1 —7)?) (Xu et al., 2020), directly analogous to the O(H?)
bound in the finite-horizon case (Ross & Bagnell, 2010; Rajaraman et al., 2020), with the effective horizon 1/(1 — ~)
playing the role of H.

AIL in the Infinite-horizon Setting. AIL in the infinite-horizon setting minimizes the discrepancy between the learner’s

stationary occupancy measure and the expert’s, analogous to the finite-horizon formulation in Eq. (3):

min Dry (4, d") = H(d"), (29)

where d™ (s, a) is the empirical estimation of the expert’s state-action distribution based on finite demonstrations, and

H(d™) = E(s,a)~d~ [~ log(m(a|s))] is the entropy regularization term. The equivalent minimax formulation is:

Ernellr_ll Irne&% E(s,q)~DE [r(s,a)] = Es.q)~ar [1(s,a) —logm(als)], (30)

where R = {r : § x A — [0, 1]} is the class of bounded reward functions. This is the direct analogue of the finite-horizon
AIL minimax objective in Eq. (2), with the per-step summation replaced by the stationary occupancy measure expectation.
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Through global occupancy measure matching, AIL achieves an imitation gap of O(1/(1 — 7)) (Xu et al., 2020), i.e., linear
in the effective horizon, thereby mitigating compounding errors.

IQ-Learn in the Infinite-horizon Setting. Following Eq. (9) of Garg et al. (2021), IQ-Learn in the infinite-horizon setting
optimizes the following objective over Q-functions:

tmax E(,0.0pe [Q(s,0) = YLSE(Q)(s)] — (1 = 7) Eepr [LSE(@Q)(s1)]. 31)

After obtaining Q by solving Eq. (31), IQ-Learn derives the corresponding softmax policy 75(als) o exp(@(& a)).

Dual Q-DM in the Infinite-horizon Setting. The natural extension of Dual Q-DM to the infinite-horizon setting shares a
similar objective to IQ-Learn in Eq. (31) but additionally imposes Bellman constraints:

M B 0m [Q06,0) ~ 1By LSB@)] — (1~ ) Bayey [LSEQ)(51),
st. 0<Q(s,a) —vYEgp(sae [LSE(Q)(s)] <1, V(s,a) e S x A. (32)

Here the Bellman constraints bound the implicit reward ¢ (s, a) := Q(s,a) — v Eywp(|s,a) [LSE(Q)(s")] to the interval
[0, 1], consistent with the finite-horizon formulation.

D.2. Extension of Theorem 1.

We now show that the reduction of IQ-Learn to BC established in Theorem 1 extends to the infinite-horizon setting.

Theorem 3 (Extension of Theorem 1 to Infinite-horizon MDPs). Consider infinite-horizon stationary MDPs. Suppose that
Q is the optimal solution to IQ-Learn in Eq. (31) and 5 is the derived policy. Assume the softmax policy class realizes the

BC policy, i.e., 7€ ¢ {mq : Q € Q}. Then the following holds:
* For any non-initial state s with p(s) = 0, m5(:|s) = 7BC(]s).
e For any initial state uncovered by demonstrations, i.e., p(s1) > 0 and s; ¢ DF, T5(ls1) = 7BC(-|s1) = Unif(A).

Proof. The proof applies the same re-parameterization technique as Theorem 1. We apply a telescoping transformation to
rewrite the IQ-Learn objective. Using the relation d™ (s,a) = (1 — ) Y52, 4/ 'P™ (s, = s, a; = a), we have:

E(s,a,5)~pe [Q(s,a) = YLSE(Q)(s))] — (1 = 7) Es, ~pp [LSE(Q) (1))

= (1 =) Erps [ Y 7" (Qst,ar) = yLSE(Q)(5641)) | — (1 =) Esnp [LSE(Q)(s1)]

W1 Erpe |37 (QUsi,ar) — LSE(Q)(s))
=1 log mq (ax|st)
+ (1= 7) (Eq,po [LSE(Q)(51)] — Egy ey [LSE(Q)(51)))
=E 5 [logmq(als)] +(1 — ) (Bgpe [LSE(Q)(s1)] — Eynp [LSEQ)(s1)])

(s,a)~d™"

BC objective

where step (a) follows the telescoping argument: for any trajectory 7,

oo oo

> " (Q(st,ar) = YLSE(Q)(s141)) = Y 7" (Qs, ar) — LSE(Q)(5¢)) + LSE(Q)(s1),

t=1 t=1

using > 70, Y TTLSE(Q)(s¢) — Yopoy 7' LSE(Q)(s¢+1) = LSE(Q)(s1) and the fact that the boundary term
Y LSE(Q)(st+1) — 0 as t — oo (since @ is bounded and v < 1). Let £(Q) denote the full objective. We now
analyze the optimal @) at two types of states.

34



Submission and Formatting Instructions for ICML 2026

Non-initial states. For any state s with p(s) = 0, the second term (1 — ) (E;, .pe[LSE(Q)(s1)] — Es, ~,[LSE(Q)(s1)])
does not depend on Q(s, ). Therefore:

argmax £(Q) = argmaxE —; [logmg(als)],
Qs,) Qs (r)d

which is precisely the BC objective. Hence 75 (:|s) = 7% (:|s) for all such states.

Unvisited initial states. For any state s with p(s1) > 0, 51 ¢ D, so the BC term contributes no signal. Optimizing over
Q(s1,-) reduces to:

argmax £(Q) = argmin (1 — ) E,, ~, [LSE(Q)(s1)] -
Q(s1,) Q(s1,)

Since LSE(Q)(s1) = log >, 4 exp(Q(s1, a)) is monotonically increasing in Q(s1, a) for every action a, the minimizer
uniformly suppresses all action values, yielding 7 (als1) = 1/|A| for all a € A. This coincides with 7BC(.|s1) on
unvisited initial states. O

D.3. Extension of Theorem 2

We now extend Theorem 2 to the infinite-horizon setting, showing that the infinite-horizon Dual Q-DM in Eq. (32) recovers
the optimal solution to the infinite-horizon AIL objective in Eq. (29).

Theorem 4 (Extension of Theorem 2 to Infinite-horizon MDPs). Consider infinite-horizon stationary MDPs. Suppose that

Q is the optimal solution to Dual Q-DM in Eq. (32) and TG = softmax(Q) is the derived policy. Then 5 is the optimal
solution to AIL in Eq. (29):

T € argmin Doy (ﬁ@”) — H(d™).

mell

The proof parallels the finite-horizon proof in Appendix C.2, extending the primal-dual framework to the infinite-horizon
setting. We establish the equivalence through three formulations.

Step 1: Primal Distribution Matching (Infinite-horizon). We reformulate AIL in Eq. (29) as a constrained optimization
over the stationary occupancy measure d:

min Dry (F,d) — F(d),

s.t. Z d(s,a) = (1 —~)p(s) +~ Z d(s',a")P(s|s',a"), VseS. (33)
acA (s’,a’")ESXA

The constraint is the discounted Bellman flow equation for occupancy measures, which characterizes all valid stationary
occupancy measures induced by some policy 7 (Puterman, 2014). This is the exact infinite-horizon analogue of the primal
distribution matching in Eq. (6).

Step 2: Dual V-Function Distribution Matching (Infinite-horizon). We apply Lagrangian duality to Eq. (33), introducing
a multiplier V'(s) for each flow constraint. The dual problem is:

max E, q)npe [1(s0)] = (1 =7) Esnyp [V(s)]

r,V
st. V(s) =LSE(r+~PV)(s), VseS, 34)
0<r(s,a) <1, V(s,a) €S XA,
where (r +yPV)(s,a) := r(s,a) + YEyp(|s,a)[V(s')] denotes the discounted Bellman backup operator. The first

constraint requires V' to satisfy the soft Bellman optimality equation with respect to r, i.e., V' is the soft optimal value
function under r. Strong duality holds since Eq. (33) is a convex program in d with feasible solutions.

Step 3: Change of Variables to Dual Q-DM (Infinite-horizon). Define the Q-function Q(s,a) = r(s,a) +
YEg~p(s,0)[V(8")]. Substituting into Eq. (34) and using V' (s) = LSE(Q)(s) yields:

E(saywpe [1(s,a)] = (1 =7) Esnp [V(s)]
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= E(sanpe [Q(s,0) = VEyp(fs,0) [LSE(Q)(s)]] — (1 = 7) Ean)p [LSE(Q)(5)]
and the constraint 0 < r(s,a) < 1 becomes 0 < Q(s,a) — 7 Ey . p(.|s,0)[LSE(Q)(s")] < 1.

We first establish the equivalence between primal distribution matching and dual V-Function distribution matching.

Proposition 4 (Extension of Proposition 2 to Infinite-horizon MDPs). Consider infinite-horizon stationary MDPs. Suppose
that (7, V) is the optimal solution to Dual V-DM in Eq. (34) and T is the derived policy, i.e.,

VseS,ac A, 7(als) x exp (?(3, a) + VEy o p( s [V/(s’)D .
Then 7 is the optimal solution to AIL in Eq. (30).

Proof. Let (7, V) be the optimal solution to Dual V-DM in Eq. (34) and let R = {r : (s, a) € [0,1],¥(s,a) € S x A}.

The constraint V (s) = LSE(r 4+ vPV)(s) for all s € S in Eq. (34) requires V' to be exactly the soft optimal value function
with respect to the reward r in the infinite-horizon discounted setting, i.e., V = yrsoft.r - A standard result in discounted
entropy-regularized RL gives:

(1—=7)Esup [V(s)] = max E(s,a)~dr [r(5,a) —logm(als)]. (35)

Substituting Eq. (35) into the objective of Eq. (34), the Dual V-DM problem becomes:

I'rné%l%( frnelll_ll ¢oo (71',7")7 where (]500(71'77’) = E(s,a)NDE [7’(87(1)] - IE(s,a)wd7r [7"(8, a) - 10g7T((l|S)} . (36)

The optimal 7" solves the outer maximization: 7" = argmax,cr ¢_ (r), where ¢_(r) = minren ¢oo (7, 7). The derived
policy 7 is the soft optimal policy with respect to 7, i.e., the unique solution to the inner minimization:

exp (?(57 a) +vEgp(|s,a) {‘7(5/)})

mlals) = > wrea €XP (7’"\(5, @) +YEy p(|s,ar) {?(S/)D |

*,s0ft, 7

which is the soft optimal policy 7 in the infinite-horizon setting.

The AIL problem in Eq. (30) is the min-max counterpart: min, ¢y max,er @oo (7, 7). We apply Sion’s minimax theorem
(Sion, 1958). Transitioning to the occupancy measure space, we define:

_ . _ o o
Doo—{dZO.Zd(s,a)—(l—’y)p(s)—i—’y Z d(s’,a")P(s|s’,a"), VSES},
acA (s",a’)ESXA

and the objective in occupancy measure space:
Joo(d; 1) = B 0)pm [1(5, )] = E(s,0)~a [1(s, @) —logma(als)] ,

where mq(a|s) = d(s,a)/ Y, d(s,a’). There is a bijection between D and IT (Syed et al., 2008). The objective J(d, )
is linear (hence concave) in 7 and strictly convex in d due to the entropy term. Since D, and R are both compact and
convex, Sion’s minimax theorem applies, yielding strong duality:

LR R 9= 1) = Y e () = g i, el 7) = g O )

(,n.AIL

Let 7218 € argmin, max, ¢ (7,7) be the AIL solution. By strong duality, ,7) is a saddle point of ¢, sO

7ML € argmin, ¢o(, 7). Since the inner minimization given 7 is a maximum-entropy RL problem with a unique solution
7, we conclude 74l = 7. O

Proposition 5 (Extension of Proposition 3 to Infinite-horizon MDPs). Consider infinite-horizon stationary MDPs. Suppose
that Q is the optimal solution to Dual Q-DM in Eq. (32), and 7 and V' are the derived reward and V-function, respectively,
Le.,

V(s,0) €S x A, 7(s,a) = Q(5,0) = VEyp(lem [LSE@)(5)]
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V(s) = LSE(Q)(s) = log (Z exp (@(s, d))) .

a’€A

Then (7, V) is the optimal solution to Dual V-DM in Eq. (34).

Proof. We first show that (7 ‘7) is a feasible solution to Dual V-DM in Eq. (34).
From the Bellman constraints of Dual Q-DM in Eq. (32):

0< é(sva) - IYES’NP(~|s,a) {LSE(Q)(S/)} <1, V(S,G,) €S x A7

which directly gives 0 < 7(s,a) < 1 forall (s, a).

Next, we verify that V satisfies the soft Bellman optimality equation in Eq. (34):

LSE(7 +7PV)(s) = log _ exp (7(s,0) + 7 Esrnp(fsa) [V(5)])
acA
—log Y exp (Q(s.a) — 7Ey [LSEQ)(s))] + 7B [LSE@Q)(5))))
acA
=log > exp ( ) = LSE(Q)(s) = V(s).
acA

Together, (7, V) is a feasible solution to Dual V-DM in Eq. (34).
We now prove that (7 ‘N/) achieves the optimal value of Dual V-DM in Eq. (34).
By the definition of 7 and V:

E (o o) [(5,0)] = (1= %) Bony [V (5)]
= E(eayopr [Q(5,0) = Egmp(isa) [LSEQ))]] = (1= ) Ban,y [LSEQ)(5)] -
For any feasible solution (r, V') to Dual V-DM in Eq. (34), define the corresponding Q-function:
V(s,a) e Sx A, Q(s,a) =r(s,a) +vEypiis,a) V()]
Since V is feasible and satisfies V' (s) = LSE(r +yPV)(s):

=log Z exp (r(s,a) + yEg [V = log Z exp(Q = LSE(Q)(s).
acA acA

Therefore 7(s,a) = Q(s,a) =7 Egp(.|s,0)[LSE(Q)(s")] € [0, 1], confirming that @ is feasible for Dual Q-DM in Eq. (32).
Moreover:

E(s,a)~pe [r(s,0)] = (1 =) Eonp [V(s)]
= E (s,a)~DE [Q(S, a) — 'VES’NP(~|s,a) [LSE(Q)(S/)H -(1-7) Esnp [LSE(Q)(s)] -

Since @ is the optimal solution to Dual Q-DM in Eq. (32) and @ is a feasible solution:
E(s,a)-p |Q(5:0) = VEyp(ls.a) [LSE@)()]]| = (1= 7) Eeny [LSE@)(5)]

> E(s,a)~pe [Q(s,0) = YEgwp(1s,0) [LSE(Q)()]] — (1 = 7) Esnyp [LSE(Q)(5)]
= IE(s,a)NDE [T(Sv a)] - (1 - 7) ESNP [V(S)] ’

where inequality (a) holds because @ is optimal and @ is feasible for Dual Q-DM in Eq. (32). This shows (7, ‘N/) achieves a
value no less than any feasible (r, V'), and is therefore an optimal solution to Dual V-DM in Eq. (34). O
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Proof of Theorem 4. Suppose that @ is the optimal solution to Dual Q-DM in Eq. (32). Following Proposition 5, we define
the derived reward and V-function:

¥(s,a) €S x A, 7(s,a) = Q(5,0) — Y Ey o p(.[s0) [LSE(@)(S')] ,
V(s) = LSE(Q)(s) = log (Z exp (c?(s,a'))) .
a’€A

By Proposition 5, (7, V) is the optimal solution to Dual V-DM in Eq. (34). Proposition 4 further implies that

V(s,a) € S x A, T(als) x exp (F(s,a) +7Egp(s,a) F/(s’)D
is the optimal solution to AIL in Eq. (30). Since 7(s, a) = Q(s, a) — v E«[LSE(Q)(s')] = Q(s, a) — YEg~p()s,a) V()]
the derived policy simplifies to:

7(als) o« exp (@(s,a)) ,

which is exactly the softmax policy TG = softmax(Q). Therefore, 5 is the optimal solution to AIL in Eq. (30), which
finishes the proof. O

E. Technical Lemmas
E.1. Basic Technical Lemmas

Lemma 2. Consider two Q-functions Q and Q). For any timestep h € [H — 1], in state-action pairs (Sp41,ap41) €
S,IH x A", Q' (she1,ans1) = Q(Shet1,ans1) + 0(Shit1,any1) for certain 6(spy1,an1) > 0 and in the remaining

state-action pairs (Sp+1,an+1) ¢ SgH x AT, Q'(sht1,an+1) = Q(Sht1,ant1). Besides, we have that ¥(sy,ay) €
Sp x A, rg(sh,an) = 1o (Sh, ap). Then it holds that

0< max Q' (sn,an) — Q(sn,an) < max O(Sh41sQht1)-
(sh,an)ESKXAp (Sh+17ah+1)652+1 x AT

If A" C A, we have that

0< max  Q'(sn,an) — Q(sn,an) < max 6(Sh+1, ant1)-
(sh,an)ESH X Ap (Sh+17ah+1)682+1 x AT

Proof. We have that )" is greater than () in certain state-action pairs in time step h + 1. To maintain V(sp, ap) €
Sp x A, rg(sh,an) =g/ (Sn, an), we obtain that

Ql(sfu ah) - Q(Sha ah) = Es’~P(-|sh,,ah) [LSE<Q/)(8/)] - Es’~P(-|sh,,ah) [LSE<Q)(8/)]
= > Plsnralsnan) (LSE(Q)(sni1) — LSE(Q)(sn11)) -

Sh,+1€$;1;+1
Since LSE(Q’)(sn+1) > LSE(Q)(Sh+1), we can get the lower bound.
Q'(sn,an) = Q(snyan) = > Plsnyalsn,an) > 0.
Sh+1 6824_1
For the upper bound, we have that

Q'(sn,an) = Q(snyan) = > P(snyalsn,an) (LSE(Q")(sn41) — LSE(Q)(sh41))

Sh41 GSZ_H

< max (LSE(Q')(spt1) — LSE(Q)(shy1))

Sh+1€$£+1
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2 aca XP(Q"(sn11, a)))

< max log<

sh41€S) L, > aca XP(Q(sn+1,0))
_ (ZaeAT exp(Q'(sny1,0)) + Zagm exp(Q'(Sh+1, a)))
= max log

sh+1€8] 4, > acar eXP(Q(shi1,a)) + 3,0 4+ exP(Q(sh41,a))

We define that 51 := max 0(Sh41,an+1)- Then it holds that

2aear eXP(Q'(sh+1,0)) + 3¢ ar exP(Q'(Sh1, a))>

2aear eXP(Q(sht1,a)) + 3,0 41 exP(Q(Sht1, @)

(ZaeAT exp(Q(sny1,a))) exp(d) + ZaggAT exp(Q(sh1, CL)))
ZaeAT eXp(Q(Sh+17 a)) + EaggAT eXp(Q(Sh-H, a))

Sh+17ah+1)632+1 x AT

Q' (sh,an) — Q(sp,ap) = max log <

Sh41 ESZH

< max 10g<

Sh41 GSZ_H

<.

Furthermore, if AT C A, we have the following strict inequality.

Q' (sn,an) — Q(sn,an) < 6.
We complete the proof. O
Lemma 3. Suppose that @ is the Q-function learned by Dual Q-DM via Eq. (8) and r@(sh,a) = Q(sp,a) —
Egwp(|sn,a) {LSE(Q)( )} Then 1 is the optimal solution to Eq. (37).

H

max £, pe lz r(sh, an)

h=1
s.t. 0 < r(sp,a) < 1,Y(h,sp,a) € [H] x Sp x A.

_ ESINP [V*,soft,r(sl)}

(37)

Proof. @ is the optimal solution to

H

maX]ETNDE [ZQ Sh,ap) — Es’wP(~|sh,ah)[LSE(Q)(S/)]

h=1
s.t. 0 < Q(sp,a) — By nP(Isn.a) [LSE(Q)(s")] < 1,V(h, sn,a) € [H] x S, x A.

Esy~p[LSE(Q)(s1)]

Bellman constraints ensure that 0 < r5(sp, a) < 1,V(h, sp,a) € [H] x Sy x A, implying that 75 is a feasible solution
to Eq. (37). Notice that @ satisfies the soft Bellman optimality equation regarding TG implying that @ is the soft optimal

Q-function regarding r, i.e., Q = Q**°™7a_ Then the objective function can be reformulated as
E, pr [Z O an Eswp(‘m,ah)[LSE@)(s')]] — By [LSE(Q)(s1)

=E, ps [Z rQ Sh,ap)

h=1

»TH

_ Eslwp [V*,soft,r@ (81)]

For any reward 7 satisfying that 0 < r(sp,a) < 1,V(h, sp,a) € [H] x Sp x A, let Q**°™" denote the corresponding soft
optimal Q-function. It is direct to have that Q**°f*" is a feasible solution to Dual Q-DM in Eq. (8). Since () is an optimal
solution to Dual Q-DM in Eq. (8), we have that

T~DE

Z (sn,an) — Ey ~P(-|sh,ah)[LSE(@)(3/)]1 - Eswp[LSE(@)(Sl)]

H
> ]ETNDE Z * ,soft r 5h7 ah) _ Es’~P(-|sh,ah)[LSE(QKSO&’T)(SI)]] _ ]EslNp[LSE(Q*’SO&’T)(S1)].
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This is equivalent to

H

H
E; pr [Z TQ(Sh,ah)l —Euy o V10 (51)] 2 Er s [ZT(S’“%)
h=1

h=1

_ ]ESINP[V*,soft,r (51)]

This implies that TS is the optimal solution to Eq. (37), which completes the proof.

O
Lemma 4. In the Reset Cliff Ai[gDé’ with initial state distribution p = {ﬁ,~-~, 11 N— ,0}, then
> p(sn)(1 = p(sn))N > N+ D)

sh€SK\{br}
Proof. f/jr ( N ) +(1 %)(%)N > %(N]i W= %(H%)N > e(§v+1),where the last inequality follows
that (14 +)V <e. O
E.2. Proof of Lemma 1
We prove the first claim by contradiction. We assume that the first claim does not hold and 3h € [H],V(s¥, a¥) € DE,

Q5. aF) = B, 1sp a8y [LSE@Q)()] < 1. (38)

For ease of presentation, we define the reward induced by Q-function as
rQ(sn,a) = Q(sn,a) — Egup(|sy.a) [LSE(Q)(s")] -

We will prove that Q is not an optimal solution to Dual Q-DM in Eq. (8), thereby yielding a contradiction. We construct
another Q-function Q. In timestep h + 1 < £ < H, @ is identical to Q, i.e., Q(s¢,a) = Q(s¢,a),¥(s¢,a) € Sp x A. This
implies that r5(s¢, @) = r5(s¢, a),V(sg,a) € Sp x A.

Notably, Q differs from @ in timestep ¢ € [h]. In step h, we define that
S(snya) =1 — (é(sh, a) = Eyrpy (fsn.a) [LSE(@)(s/)D .

According to Eq. (38), we have that V(s2, al’) € DE, §(sE, al’) > 0 and thus 6 := mine ,e)epe §(s¥,a¥) > 0. Thus we
construct Q) as

V(sE,aP) € DB, Q(s¥, al) = Q(sE, a¥) + 6.

For other state-action pairs (s, a) ¢ D,

Q(sn, an) = Q(sn, an).
We have finished the construction of ) in time step h and obtain that
V(sk al) e DEr (sg,ah) TQ(sh,ah) +6,Y(sn,an) ¢ DE (sh,ah) Q(Smah)
where 6 > 0.

Then we further construct @ in preceding time steps 1 < ¢ < h — 1 such that 7'@(5@, ag) = 7’@(84, ag),¥(sg,ap) X Sp X A.
We perform the construction via backward induction. In time step h — 1, we apply the second claim in Lemma 2 and obtain
that

0< max Q(sn_1,an_1) — Q(sp_1,an_1) < max 0(sp,ap) =9.
(8n—1,0n—1)ESh—1XAp (8n,an)EST x AT

This means that the growth magnitude in time step h — 1 is strictly less than that in time step h. Then we consider the
following two cases.
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* Case I: max(,, | a,_,)eSh_1xA, Q(sn_1,an_1) — Q(sn_1,an_1) = 0. As Q is identical to Q in time step h — 1,

we can simply keep that Q(s¢, ar) = Q(s¢, ar),V(se,ar) € Sp X A in preceding timesteps 1 < ¢ < h — 2.

» Case II: max(s, | a4, ,)eS, 1xA Q(sh-1,an—1) — Q(sp_1,an_1) > 0. We can apply the first claim in Lemma 2
and obtain that

max Q(sh—2,an—2) — Q(sp—2,ap—2) < max 0(Sh—1,an—1) < 0.
(Sh—2,an—2)ESh—2XA (8h—1,an_1)ES]_ x AT

In both cases, we obtain that

max Q(Sh—2,an—2) — Q(Sh—2,an—2) < 4.
(Sh—2,ap—2)ESH_2 XA

Then we can repeat the above analysis in the backward direction and obtain that

VI<l<h-2  max Q(spar) — Q(se,ar) <.
(8g,ag)6314 x A

‘We have finished the construction of Q which satifies that
Vh+1</{¢{<H, T@(Se,az) = T@(Sz,&g),V(Se,az) €Sy x A,
Y(sk ak) € DE,TQ(SE, ay) = r@(s%, ap) +6,%(sn,an) ¢ DE,r@(sh, an) = r5(sn, an),
Vi</{<h-— 1,1"@(5@,(1@) = T@(Sz,d@),V(S@,dz) €Sy x A,

V(sl,al) S Sl X A, Q(sl,al) — Q(shal) <.

Then we compare the objectives of () and @ We denote the objective as

H
L(Q) = Erupr [Z Q(sh,an) = Egrp(fsy,an) ILSE(Q)(8)] | = Eg~p [LSE(Q) (51)]
h=1

Then we can have that

L@ - £(Q)
H H
—E,ope | rglsn, ah)] “E,_ps lz ro(snyan) | + Eoinyp [LSE(@)(sl)] — Eaymp [LSE(Q)(s1)]
h=1 h=1
H o - _
-y 47" (snoan) (rg(sms 1) = 15 (50, an) ) + Boymp [LSE(Q)(51)] — Eoy ey [LSB@) (51)]

=6 3 A na)+ Y pls) (LSE@Q)(s1) — LSE@) (1))

(sh,ah)ESh x A S1€S,
=0+ 3" pls1) (LSE(Q)(s1) — LSE(Q) (1))
51E€S81
> 0.

This implies that () achieves a strictly larger objective value than é which contradicts the fact that Q is the op-
timal solution. Therefore, the assumption does not hold and Vh € [H], 3(s},all) € D¥ such that Q(sk,al’) —

Eonp(|sE,aB) [LSE(Q)(s’)} = 1. We finish the proof of the first claim.

Then we prove the second claim by leveraging the connection between Eq. (8) and Eq. (37). According to Lemma 3, we
have that TS is the optimal solution to Eq. (37). Then we prove the desired claim by characterizing the optimal solution to
Eq. (37). In particular, we denote the objective function as

H

5(7‘) =FE, . pe [Z T(Sh, ah)] — ]Esle [V*,Soft,r(sl)] .

h=1
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Then we calculate its gradient

8£(T) /E *,s0ft,r
——— =d7 (sp,an)—dj Sh,ap).
or(sman) (snyan) —dp " (s, an)
Here 7+5°" is the soft-optimal policy w.r.t 7. For any (s5,, as) ¢ DY, we have that #}fr@)h) = —d7""" (spyan) <

0. The strict inequality holds because the soft-optimal policy supports on the whole action space, i.e., Vap €
A, 7557 (qp,|s5) > 0. Then we obtain that £(r) is a monotonically decreasing function w.r.t r(ss,as) and thus
achieves the optimal solution on the lower bound 7(sy,, aj,) = 0. Then we have that V(s ay,) ¢ DE, r5(sh,an) = 0, which
finishes the proof of the second claim.

F. Experiment Details
F.1. Implementation Details

The experiments are conducted on a machine with 32 CPU cores and 1 RTX5090 GPU cores. Each experiment is replicated
three times using different random seeds. For each task, we adopt SAC (Haarnoja et al., 2018) to train an agent with
sufficient environment interactions and use the resultant policy as the expert policy. We use 1M environment interactions
for each task and then we roll out this expert policy to collect expert demonstrations. We use small amount of expert
demonstrations to train each method. The number and subsample ratio of expert trajectories used for training in each task is
provided in 3. The architecture and training details of Dual Q-DM and all baselines are listed below.

Dual Q-DM: Our codebase of Dual Q-DM extends the open-sourced framework of IQ-Learn. We retain the structure and
parameter design of the critic from the original framework, and employ SAC with a fixed temperature coefficient for policy
update. A comprehensive enumeration of the hyperparameters of Dual Q-DM is provided in Table 4.

BC: We implement BC based on our codebase. The actor model is trained using Mean Squared Error (MSE) loss over 50k
training steps.

IQ-Learn and Reg IQ-Learn: We use the author’s codebase, which is avaiable at https://github.com/Div99/1Q-Learn. A
comprehensive enumeration of the hyperparameters of 1Q-Learn is provided in Table 5.

LS-1Q: We use the author’s codebase, which is avaiable at https://github.com/robfiras/ls-iq. A comprehensive enumeration
of the hyperparameters of LS-1Q is provided in Table 6.

ReCOIL: We use the author’s codebase, which is avaiable at https://github.com/hari-sikchi/DVL. A comprehensive enumer-
ation of the hyperparameters of ReCOIL is provided in Table 9 .

HyPE: We use the author’s codebase, which is available at https://github.com/gkswamy98/hyper. A comprehensive enumer-
ation of the hyperparameters of HyPE is provided in Table 7.

DAC: We use the codebase which is available at https://github.com/Kaixhin/imitation-learning. A comprehensive enumera-
tion of the hyperparameters of DAC is provided in Table 8.

Table 3. Number and subsample ratio of expert trajectories for each task.

Task Expert Trajectories
Ant-v2 1
HalfCheetah-v2 1
Hopper-v2 5
Humanoid-v2 5
Walker2d-v2 1

42


https://github.com/Div99/IQ-Learn
https://github.com/Div99/IQ-Learn
https://github.com/robfiras/ls-iq
https://github.com/hari-sikchi/DVL
https://github.com/gkswamy98/hyper
https://github.com/Kaixhin/imitation-learning

Submission and Formatting Instructions for ICML 2026

Table 4. Dual Q-DM Hyper-parameters.

Parameter Value
discount factor 0.99
replay buffer size 1-106
batch size 256
optimizer Adam

Actor
learning rate 3-107°
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Critic
learning rate 3-107%
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Table 5. 1Q-Learn Hyper-parameters.

Parameter Value
discount factor 0.99
replay buffer size 1-106
batch size 256
optimizer Adam

Actor
learning rate 3-107°
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Critic
learning rate 3-1074
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU
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Table 6. LS-1Q Hyper-parameters.

Parameter Value
discount factor 0.99
replay buffer size 1-106
batch size 256
optimizer Adam

Actor
learning rate 3-107°
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Critic
learning rate 3-107%
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Table 7. HyPE Hyper-parameters.

Parameter Value
discount factor 0.98
gradient penalty coefficient 10
replay buffer size 1-10°
batch size 256
optimizer Adam

Reward
learning rate 8.1074
batch size 4096
number of hidden layers 2
number of hidden units per layer | 256

Actor
learning rate 7.3-1074
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Critic
learning rate 7.3-1074
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU
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Table 8. DAC Hyper-parameters.

Parameter Value
discount factor 0.97
gradient penalty coefficient 1
replay buffer size 1-106
batch size 256
optimizer Adam

Reward
learning rate 3-107°
batch size 256
number of hidden layers 1

number of hidden units per layer | 64
Actor

learning rate 3-1074
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU
Critic
learning rate 3-1074
number of hidden layers 2
number of hidden units per layer | 256
activation ReLU

Table 9. ReCOIL Hyper-parameters.

Parameter Value
discount factor 0.99
batch size 256
optimizer Adam

Actor
learning rate 1-1074
number of hidden layers 2
number of hidden units per layer | 256
temperature 1

Critic
learning rate 1-1074
number of hidden layers 2
number of hidden units per layer | 256

Value
learning rate 1-107%
number of hidden layers 2
number of hidden units per layer | 256
T 1
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F.2. Additional Experimental Results

Experiments in the Offline Setting. We evaluate BC, IQ-Learn, and Reg IQ-Learn in the offline setting, where no
online environment interactions are available during training. In the offline setting, IQ-Learn utilizes the initial states in
demonstrations to estimate the last term in its objective of Eq. (4), while Reg IQ-Learn uses expert demonstrations to
establish the regularization. Figure 6 reports the training curves across 5 MuJoCo tasks. All three methods exhibit similarly

poor performance and fail to learn an effective policy. This result directly corroborates Theorem 1 that IQ-Learn reduces to
BC.

HalfCheetah Hopper Humanoid Walker2d
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Figure 6. Training curves of BC, IQ-Learn, and Reg IQ-Learn across 5 MuJoCo tasks under the offline setting, where solid lines denote
the mean and shaded regions denote the standard deviation over 5 seeds. The x-axis represents the number of gradient update steps and
the y-axis represents return. All three methods exhibit similarly poor performance, failing to learn an effective policy, providing direct
empirical support for Theorem 1.

Sensitivity Analysis. We analyze the sensitivity of Dual Q-DM to its two key hyperparameters: the Bellman constraint
bound and the penalty coefficient 5. Specifically, the bound controls the upper and lower limits of the Bellman constraints
(i.e., —Bound < Q(s,a) — E+[LSE(Q)(s’)] < Bound), while § controls the strength of the Bellman constraint penalty.
Figure 7 reports training curves on HalfCheetah and Humanoid under a wide range of values for each hyperparameter.
Dual Q-DM maintains strong performance across most configurations, with performance degradation observed only under
extreme settings—specifically, very large bounds or very small 3 in the Humanoid environment. These results confirm that
Dual Q-DM is robust to hyperparameter choices and does not require careful tuning in practice.
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Figure 7. Hyperparameter sensitivity analysis of Dual Q-DM on the HalfCheetah and Humanoid MuJoCo tasks. For HalfCheetah,
we vary Bound € [0.5,1.0,2.0,5.0] and 8 € [0.1,0.5,1.0,5.0]; for Humanoid, we vary Bound € [0.1,0.5,1.0,2.0,5.0] and 8 €
[0.1,3.0,5.0,7.0,15.0]. The left and right panels show sensitivity to the bound and coefficient, respectively, with the x-axis representing
environment interactions and the y-axis representing return. Dual Q-DM maintains strong and robust performance across a wide range of
hyperparameter values, with degradation observed only in the Humanoid environment under extremely large bounds or small coefficients.
These results confirm that Dual Q-DM is robust to hyperparameter variations.
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